Chapear 15 Oscillations
Simple Harmonic Motion
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® Period 7 of the motion: the time for one complete oscillation (or cycle): 7 = —

® Periodic motion or harmonic motion: Any motion that repeats itself at

regular intervals.

® We are interested here in simple harmonic motion (SHM), the periodic

motion is a sinusoidal function of time,

x(t)=x, cos(wt+e)



Displacement

e The cosine function varies between the limits =1; so| Displacemnt

the displacement x(7) varies between the limits *=x, .

® The displacement x(7) must return to its initial value
after one period 7 of the motion; that is, x(#) = x(t+7)

forall?z, x coswt=ux, cosw (t +T) , assuming ¢=0.
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The Velocity of SHM
d) = —

® The velocity of a particle moving with
simple harmonic motion,

:

v(t)Z%x(t)Z%[xmcos(wt+q5)]

= v(t)=—wx,sin(wt+¢) velocity
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x(t)=x, cos(wt+e¢)=x, sin | wt+¢+% J=x sin( wt+¢ ')

=x cos¢ coswt+(—x, sing) sinwt
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® The velocity amplitude:v, = w x,,

® The curve of v(7) is shifted (to the left) from
the curve of x(f) by one-quarter period; when

Displacement

the magnitude of the displacement is greatest,
the magnitude of the velocity is least (ie, 0).
When the magnitude of the displacement is

least (ie, 0), the magnitude of the velocity [
is greatest. I
0
The Acceleration of SHM -~
® The acceleration of the oscillating particle is
d d :
alt)=—vlt)=—|—wx, SIn wt+
N=gv (=3 lruxsin(wive)]
= a(t)=—-w’ x cos(wt+¢) acceleration Z
T
® The acceleration amplitude:a, = w” X, g ~w’x,,
® The acceleration curve is shifted (to the left) ()
by 71/4 relative to the velocity curve.
The hallmark of simple harmonic motion:¢g ()= — w” x ()

In SHM, the acceleration is proportional to the displacement but opposite in
sign, and the 2 quantities are related by the square of the angular frequency.




The Force Law for Simple Harmonic Motion
® Combine Newton's 2" law with simple harmonic motion: F =m g = — (m wz) X

® It is Hooke's law — a restoring force that is proportional to the displacement
but opposite in sign, F =— k x for a spring, the spring constant being k = w?

® An alternative definition of simple harmonic motion:

Simple harmonic motion is the motion executed by a particle subject to a force
that is proportional to the displacement of the particle but opposite in sign.

® The block-spring system forms a linear simple harmonic oscillator, where
linear indicates that F'is proportional to x rather than to some other power of x.

® The angular frequency is /666@3@@@@\' m

k |
W= \/ — angular frequency | |
m pr}

0 +x,,

® The period of the linear oscillatoris T =2 7 \/% period

® A large angular frequency (and thus a small period) goes with a stiff spring
(large k) and a light block (small m), and vice versa.

problem 15-1, problem 15-2



Energy in Simple Harmonic Motion L

® The potential energy of a linear oscillator is
associated entirely with the spring, depending on =
how much the spring is stretched or compressed

1 1

Energy

U(t) + K(1)

U(t)

U(l‘)zakxzzzkx10082<wt+¢)

1/2 T
® The kinetic energy of the system is associated Ulx) + K(x)
entirely with the block, depending on how fast theg L
block is moving
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® The mechanical energy follows —X,, 0 +x

m

1

E:K+U=%kxi[sin2(wt+¢)+cosz(wt+¢)] = E:K+U=5kxi

® The mechanical energy of a linear oscillator is indeed constant and independent

of time.

® The element of springiness stores its potential energy and the element of inertia

stores its kinetic energy.



Illﬂ Fixed end

problem 15-3 Suspension wire

Reference line




An Angular Simple Harmonic Oscillator
® The element of springiness is associated with the twisting of a suspension wire.

® The device is called a torsion pendulum, with forsion referring to the twisting.

® Rotate the disk by some angular displacement from its rest position and release
it, it will oscillate about that position in angular simple harmonic motion.

® A restoring torque 7+ = — i @ , where k is the torsion constant, that depends
on the length, diameter, and material of the suspension wire.

® This is the angular form of Hooke's law, and the torsion pendulum is an angular
SHM.

® Replace the spring constant with the torsion ,
constant, replace the mass with the rotational SUspension
inertia of the oscillating disk, then the period wire
of the angular SHM

w <> <>
T=2m

— torsion pendulum Rod

problem 15-4
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Pendulums

® The springiness is associated with the gravitation.

The Simple Pendulum

® The forces acting on the bob are the force from the string and the gravitational
force.

® Resolve the gravitational force into a radial component and a component that is
tangent to the path taken by the bob.

@ The equilibrium position: 6 = 0.

® This tangential component produces a restoring torque about the pendulum’s

pivot point 7=—L (Fg sin 0) =1 «
d’ 0= mg L P Pivot
a7 I point

® This eqn is the angular equivalent of the hallmark of SHM.

@Iffissmall, sinf~0 = o= L

® The motion of a simple pendulum swinging through only

small angles is approximately SHM, ie, the angular
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® The angular frequency of the pendulumis w=/———
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® The period of the pendulum - _, _

The Physical Pendulum

@ A physical pendulum: a real pendulum, can have a o Fgcost
complicated distribution of mass. 0

F,sin@—' \
® The only difference: for a physical pendulum the restoring - \ 3
component of the gravitational force has a moment arm of il//

distance /& about the pivot point, rather than of string length L. F,
® Follow the similar analysis and we would find that o —

the motion is approximately SHM.
0

® The period of the pendulum is

I
T =2 7 {{——— physical pendulum, small amplitude £ sineo
mgh ’

® A physical pendulum will not swing if it pivots at its

centerofmass: h=0 = 7T —




® We can correspond a simple pendulum of length L, with the same period 7 to
any physical physical pendulum. The point along the physical pendulum at
distance L, from the pivot point is called the center of oscillation of the physical
pendulum.

Measuring g

® We can use a physical pendulum to measure the free-fall acceleration g at a
particular location on Earth's surface.

® For the pendulum of a uniform rod of length L, suspended from one end, the
distance between the pivot point and the center of mass is /2, and the rotational

inertia is O
wullhd h
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® From the definition of the period, &= 37?2 ] Ly
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Uniform Circular Motion 5
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® The curve suggests the displacement =
function for SHM. L b
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® In fact it is is the projection of a uniform ~ |East
circular motion on a line in the plane of 15
the motion. Jan. 15 20 25 30 Feb.5 10 15 20 25 Mar 1

Simple harmonic motion is the projection of uniform circular motion on a
diameter of the circle in which the circular motion occurs.
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® A reference particle P' moving in uniform circular motion with (constant)
angular speed in a reference circle.
x(t)= x, cos(wt+o)

v:rwz = y(t)=—w x, sin(wt+g)

eTre a(t):—wzxmcos(wt+q5)



. . . X Rigid support
Damped Simple Harmonic Motion
® When the motion of an oscillator is reduced by an
external force, the oscillator and its motion are said
to be damped.

Springiness, k

® Assume the liquid exerts a damping force that is
proportional to velocity of the vane and block (an

assumption that is accurate if the vane moves slowly): Mass m

F ,=—b v where b is a damping constant.
® Assume that the gravitational force on the block is — Vane
negligible relative to the spring an the damping force, .
Newton's 2™ law gives " ; Damping, b
X X
—bv—kx=ma = m—+b_—+kx=0 = g
dt dr

_ i 2
® The solutionofthisequationx(t):xme 2" cos (W' t+g) < w’:\/k_ b -

/ k m 4m
OIfh=0 == wWw=w=4—
m

®Ifbissmallie, p<<Vkm = w~uw

® We can regard the solution as a cosine function whose amplitude gradually
decreases with time.



® If the oscillator is damped, the mechanical energy is not constant but
decreases with time. If the damping is small, we can find & by replacing x, with

x, e and v

X éa(t)%kxie "

| ‘ .. x(t)
O t(s)
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problem 15-6



b=50g/s
(least
damping)

b=T70g/s
b=140 g/s

Forced Oscillations and Resonance

® If someone pushes a swing periodically, the swing has,
forced, or driven, oscillations.

® 2 angular frequencies are associated with a system
undergoing driven oscillations:

(1) the natural angular frequency of the system;

(2) the angular frequency of the external driving force.

=
2
El

® A forced oscillator oscillates at the angular frequencyyg 08 10 192 14
w, of the driving force, and its displacement is given

x(t)=x,cos(w, t+¢)
® The velocity amplitude of the oscillations is greatest

when w ,=w resonance , a condition called resonance

This is also approximately the condition at which the
displacement amplitude is greatest.

® The curves show that less damping gives a taller and
narrower resonance peak.

The chosen problems: 6, 14, 48, 58.
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