Cn=ziptar 13 Gravitation
Newton's Law of Gravitation

® In 1665, Newton made a basic contribution to physics when he showed that
the force that holds the Moon in its orbit is the same force that makes an apple
fall.

@ This tendency of bodies to move toward each other is called gravitation. 2 _~

&
® Newton's law of gravitation: Every particle attracts any /// A\
other particle with a gravitational force of magnitude 1 /;v/ T /
my,m, ' o !
F =G ——— Newton's law of gravitaiton TN
r
m, and m, are the masses of the particles, r is the distance (@ 0
between them, and G is the gravitational constant, X" 2
G=6.67x10 "' N-m*/kg’=6.67 x10" "' m°/kg-s L

F
® We can describe the gravitational force by using a radial 6/
unit vector that is directed away from particle 1 along the

: : . - myms, , 2 .
r axis. The force on particle 1 isthen F =G ;T 9
r 7
® The gravitational force on particle 2 due to particle 1 has . o7
the same magnitude as the force on particle 1 but the 1 5~

opposite direction. o
(c)



® These 2 forces form a 3™-law force pair.

@ This force between 2 particles is not altered by other objects, even if they are
located between the particles. No object can shield either particle from the

gravitational force due to the other particle. o)

® The shell theorem: i
F=0.80N

A uniform spherical shell of matter attracts a particle that F=0.80N

is outside the shell as if all the shell's mass were

concentrated at its center.

@ Although the 3"-law forces are matched in magnitude,
they produce different accelerations on different masses.



Gravitation and the Principle of Superposition

@ Principle of superposition, a general principle that says a net effect is the
sum of the individual effects.

® We can find the net (or resultant) gravitational force on any one of a group of
particles from the others by using the principle of superposition.

® For n interacting particles, we can write the principle of superposition for the
gravitational forces on particle 1 as 1‘51 | -
, N€

e

® We can express this equation as a vector sum: F; = Z i

=y
@ In the limiting case, we can divide an extended object into differential parts
and each producing a differential force on particle 1, F'; = / d F

Problem 13-1

We want the forces  y This is the force y This is the force y
(pulls) on particle 1, (pull) on particle 1 AF (pull) on particle 1
not the forces on m,  due to particle 2. *  due to particle 3.
the other particles. . i
_ c 4 P, , ~Q
ms 2a J'?H] ' Jml ' Fla m
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Gravitation Near Earth’s Surface 19 Iﬂﬂerl
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| |
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® Assume that Earth is a uniform sphere of mass é 10 Outer™ |

M. The magnitude of the gravitational force from & 3 | core | | |

. . - c | | |

Earth on a particle of mass m, located outside = 6 | | |

Earth a distance r . _ - M m s A | | |

from Earth's center, . Z : : Mantle :
o C

A 2 | | |

| | |

® The force will cause a gravitational acceleration, ('
and Newton's 2" law tell G M o 1 2 3 4 5 6
us that their relationis F=m a, = a,= Distance from center (10° m)

=

2
r

® Any free-fall acceleration g value measured at a given location will differ from

the gravitational acceleration a, for the location fo%" 3t reasons:
rate

= =

(1) Earth's mass is not distributed uniformly, — S;I\e ~

4 AN
(2) Earth is not a perfect sphere, / - \ Fy

N
/ \ Crate
(3) Earth rotates. / R \ RN
{ North \
l

® To see how Earth's rotation causes g PeS /
to differ from a,, let us analyze a situati\on /
in which a crate of mass m is on a scale \ / S
at the equator. \\ /// na

Surface

2



® Because the object travels in a circle about the center of Earth as Earth turns,

the crate has a centripetal acceleration directed toward Earth 7z —_ p 2%

® Newton's 2™ law for forces along the r axis
— — 2
F . =ma = FN—mag—m(—Rw)

net, r

® The magnitude F), of the normal force is equal to the weight mg read on the

2
scale m g — ma, — m R w

- ( measured ) _ ( magnitude of ) . ( mass times )
weight gravitational force centripetal acceleration
® Because of Earth's rotation, the measured weight is less than the magnitude of
the gravitational force on the crate.
@ For a further simplification, g=a,— R w”. It reads
( free-fall ) _ (gravitational ) . ( centripetal )
acceleration acceleration acceleration
® The measured free-fall acceleration is less than the gravitational acceleration

because of Earth's rotation.

® The greatest difference between accelerations happens on the equator.

problem 13-2
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Gravitation Inside Earth

® Newton's shell theorem can also be applied to a situation in which a particle is
inside a uniform shell,

A uniform shell of matter exerts no net gravitational force on a particle located
inside it.

® The sum of the force vectors on the particle from all the elements of the shell
is 0.

@ If a particle move inside the earth, the gravitational =~y
force would change for 2 reasons: /// N
/ \
(1) It would tend to increase because the particle // \\
would be moving closer to the center of Earth; / \
[ \
(2) It would tend to decrease because the '\ ? M II
thickening shell of material lying outside the \ T /
particle s radial position would not exert any \ N /
net force on the particle. N l y
AN Z2
~ e
@ For a uniform Earth, the 2™ influence would prevail - -
and the force on the particle would decrease to O as the m

particle approached the center of Earth.



Shell Theorem

Outside Inside
M
R
r m
_GMm F=0




Proof of the shell theorem
M

shell's mass: M=4 7 R°0c = o= .
4 7 R

ring's mass d M = o X area of ring

:a><27r><Rsin9><Rd9=%sin0d0

law of cosine: r*+R*—2 R r cos O =s"
= Rrsinfdf=sds

242 R2
s“+r°—2srcos¢p=R° = cos¢=
2rs
GmdM : GmdM
dF,=d Fcos¢= m2 cos ¢ < d F =force from the ring = m2 + symmetry
S S

2
\)

:>Fr:/dFr:Gm/cos¢dM

_GMm/sianH s2+r2—R2_GMm/S2+rz_R2ds
2 5> 2r s 42 R 2
[ r+R 2 2
Gﬂgm/ (1+r 2R )ds:GMzm for r>R outside
4r° R B ¢ -
= r—R
r+R 2 2
G]\Zm/ <1+r 2R )dS: O fOI- },.<R inSide
4r R R—r S




@ To find an expression for the gravitational force inside a uniform Earth, let’s
use the plot in Pole to Pole.

@ Attempt to travel by capsule through a naturally formed (and, of course,
fictional) tunnel directly from the south pole to the north pole.

® The net gravitational force on the capsule is due to the mass M, inside the

sphere with radius r (the mass enclosed by the dashed outline), not the mass in
the outer spherical shell (outside the dashed outline).

GmM.
® The magnitude of the gravitational force on the capsule: F = 5 =
r
® Assume a uniform density
: 1nside mass total mass M, M
density = — = > p= 3 = 3
inside volume  total volume A1r’l3 471 R/3
M GmM
= Minsziﬂr‘gp:—?)r?’ = FZLBr
R R

The force magnitude decreases linearly as the capsule approaches the center,
until it is O at the center.
@ The force in vector form: f = — Gm—gM 7

R
® The capsule would oscillate like a block on a spring, with the center of the
oscillation at Earth’s center.



Gravitational Potential Energy
® Consider the gravitational potential energy U of 2 particles, of masses m and M,
separated by a distance r.

® Choose r — « as the reference configuration with U equal to 0, U (r — oo) =0

® The potential energy is negative for any finite separation and becomes
progressively more negative as the particles move closer together.

® Then the gravitational potential energy of the 2-particle system is 4r

GMm o :
U =— ——— gravitational potential energy

r

e e >—

Proof of the above equation
® The work W done on the ball by the gravitational force from point P ¢ p —_

to infinity is WZ/ F-d7
R

e Since F-d7=F (r)drcos$ & $=r in this case

- GM
= F-drz——zmdr Rt
r

where M is Earth's mass and m is the mass of the particle.




o0

-ThusW:_GMm/ dzr:GMm _o GMm_ GMm
R T r Ir R R
eSince AU=—W = U,—-U=—W = U:W:_GMm

r

@ If the system contains more than 2 particles, we consider each pair of particles
in turn, calculate the gravitational potential energy of that pair, and then
algebraically sum the results (ie, superposition).

ms
® The gravitational potential energy of the 3-body system is / \
113 23

U:_(Gm1m2+Gm1m3+Gm2m3) / \
F12 Y13 Va3

Path Independence " "2 ~
® The gravitational force is a conservative force. Thus, the work done by the

gravitational force on a particle moving from an initial point i to a final point fis
independent of the path taken between the points.

® Since AU=U,—U,=—W, thus the change in gravitational potential energy
is also independent of the path taken.

Potential Energy and Force
® We can start from the potential energy function and derive the force function,
_du_ d (_GMm)_ GMm
— — —2

r r



G
® The minus sign indicates that the force on mass m points

radially inward, toward mass M.

Escape Speed
® The (Earth) escape speed: the certain minimum initial speed that
will cause a projectile to move upward forever, theoretically coming

to rest only at infinity.
B

@® Consider a projectile of mass m, leaving the surface of a planet with
escape speed v, then the kinetic energy and the potential energy are

Kzlmvz, —GMm
2 R

in which M is the mass of the planet and R is its radius.

U=-—

® When the projectile reaches infinity, K = 0 & U = 0, thus
M 2G M
K+U=%mv2+(—GTm)=O = V:\/

R

/ Earth

@ Note that escape speed does not depend on the direction in which a projectile
is fired from a planet. However, attaining that speed is easier if the projectile is
fired in the direction the site is moving as the planet rotates about its axis.

® Earth's escape speed is 11.2 km/s.

problem 13-3



Planets and Satellites: Kepler's Laws

® Tycho Brahe (1546-1601) make observations to
compile the data;

@ Johannes Kepler (1571-1630) derived the famous ~Qetober 14 June 6

3 laws of planetary motion from the data; . S
July 26\

@ Newton (1642-1727) showed that his law of » " September 4
gravitation leads to Kepler's laws.

1. THE LAW OF ORBITS: All planets move in elliptical orbits, with the Sun at
one focus.

1
Y
A

=e

® We assume that the mass of the Sun is much R, a

greater than the mass of the planet, so that the ==
center of mass of the planet-Sun system is
approximately at the center of the Sun. 7

\i

® The orbit is described by giving its semimajor

axis a and its eccentricity ¢, ¢ defined so that ea |\ = ea 1< ea

is the distance from the center of the ellipse to - -
either focus. | T~___ | ___- -

® An eccentricity of zero corresponds to a circle, in which the 2 foci merge to a
single central point.



® The eccentricity of Earth's orbit is only 0.0167.

2. THE LAW OF AREAS: A line that connects a planet to the Sun sweeps out
equal areas in the plane of the planet's orbit in equal time intervals; that is, the

rate dA/dt at which it sweeps out area A is constant.

® The planet will move most slowly when it is farthest from the Sun and most
rapidly when it is nearest to the Sun.

@ Kepler's 2" law is totally equivalent to the law of conservation of
angular momentum. /%f L

Proof
® The area

AAN%(r)(rAH)

1

:—rzAH (a) T~ 7 (b)

® The instantaneous rate at which area is being swept out

in which w is the angular speed of the rotating line connecting Sun and planet.

® The magnitude of the angular momentum of the planet about the Sun is
dA L

L=rpl=(r)(mVL)Z(r)(mrw)zmrzw = Friat-



dA _—

® —— being constant means that L must also be constant //’ >
dr _ angular momentum is conserved. / “om
\
/ r \
3. THE LAW OF PERIODS: The square of the period of !’ / \
any planet is proportional to the cube of the semimajor |, 0 }
axis of its orbit. \\ M /
/
\
® Applying Newton's 2" law to the orbiting planet yields AN ) )/
G M m v2 2 \\\ //
—2=m—=(m)(rw) &S V=Erw ~—
r r

® Since w =2 7/T, where T is the period of motion thus,
4
GM

® The equation holds also for elliptical |

orbits, provided we replace r with a,
the semimajor axis of the ellipse.

T°= r° law of periods

® This law predicts that the ratio

has essentially the same value for —
a
every planetary orbit around a given

massive body.

problem 13-4



T° = r
GM
4 2 2
= T; :47T r3 — T:l:_Zﬂ'
w GM S

= GM' =w’'r’ « Kepler's 1-2-3 law



Satellites: Orbits and Energy

® The potential energy of the Earth-satellite system

is U:_GMm

® To find the kinetic energy of a satellite in a
circular orbit, we write Newton's 2" law (F = ma)

GMm v
as S = Mm—
_ r . . ! . 1 2 GMm U . .
® The kinetic energy is K = 5 my” = 5 = —— circular orbit
r
GM GM GM = —
® The total energy ¢ =K+ U = . P L .(g K.
2r r 2r circular orbit
_ e oy : . : Energy
@ For a satellite in an elliptical orbit of semimajor
axis a, we can substitute a for r to find the
. GMm L :
mechanical energy: & = — elliptical orbit K(»
a
® The total energy of an orbiting satellite depends
only on the semimajor axis of its orbit and not on r
its eccentricity.
E(r)
@ The same satellite would have the same total U
mechanical energy ¢ in all 4 orbits.
E=K+U




® The variation of K, U, and & with r for a satellite

moving in a circular orbit about a massive central
body.

Problem 13-5 problem 13-6




( 2 _1):_GMm < ri+r,=2a

2 (1 1) GM( ) L' _ GM
— = = — = _——— =
" mry’ Y2 mr, 2 m? (r? r; ry r, 2m®> 1lr +1/r,




Einstein and Gravitation

Principle of Equivalence

® The fundamental postulate of Einstein's
general theory of relativity about
gravitation is called the principle of
equivalence, which says that gravitation
and acceleration are equivalent.

Curvature of Space
® Einstein showed that gravitation is due

to a curvature of space (spacetime) that

is caused by the masses.

N

i/ . .
" Flat space

(a)

\/

w.\/.:

Curved space
near Earth

Parallel paths

Equator\ \ far from \
‘C Earth
. \\
Converging X
paths \
> v > () \ Earth



® When light passes near a massive object, the path of the light bends because
of the curvature of space there, an effect called gravitational lensing.

Paths of light
] from quasar
Y Y
k\ f Apparent
\ ! asar directi
\ / quasar directions
v /
\ !
‘\ ,’ Galaxy or
./ large black hole

Final paths

Earth detector

The chosen problems: 6, 14, 42, 52.
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