Chaiptar 10 Rotation

Translation: an object moves along a straight or curved line;

Rotation: an object turns about an axis.

The Rotational Variables

@ A rigid body is a body that can rotate with all its parts locked together and
without any change in its shape.

® A fixed axis means that the rotation occurs about an axis that does not move.
And the fixed axis is called the axis of rotation or
the rotation axis.

C D
@ In pure rotation (angular motion), every point of Rotation
the body moves in a circle whose center lies on the axis

axis of rotation, and every point moves through the
same angle during a particular time interval.

_~Body

@ In pure translation (/inear motion), every point of = —— Reference line

the body moves in a straight line, and every point S~
moves through the same linear distance during a y

particular time interval. /
X

/|o




Angular Position
® A reference line, fixed in the body, perpendicular to the rotation axis and
rotating with the body. y

® The angular position of this line is the angle of the
line relative to a fixed direction, which we take as the 0(,6
zero angular position, £

S .
6 = — radian measure
r

® Angle, being the ratio of 2 lengths, is a pure
number and thus has no dimension. r

® The units of angle:

radian (rad), revolution (rev), and degree, Rotation

AX1S

=27mrad, 1rad=57.3 =0.159 rev

2mTr

1rev=360 =
r

® For pure rotation, we can know all about a rotating body if we know 6(?), the

angular position of the body's reference line as a function of time.

Angular Displacement
® If the body rotates about the rotation axis, changing the angular position of
the reference line from 6, to 6,, the body undergoes an angular displacement

A6 given by AO=6,—0,



An angular displacement in the counterclockwise

direction is positive, and one in the clockwise Y

direction is negative.

Angular Velocity
® Define the average angular velocity of the body in

the time interval Af from ¢, to t, to be
_0,-0, A9
Wave — _
S ot,—t; At
then the (instantaneous) angular velocity is

. AO d6
w = lim =

Reference line

Arso At dt O

\ Rotation axis

@ All the equations hold not only for the rotating rigid body as a whole but also for
every particle of the body because the particles are all locked together.

® The unit of angular velocity is rad/s or rev/s. And rpm means rev/min.

® The angular velocity of a rotating rigid body is either positive or negative,
depending on whether the body is rotating counterclockwise (positive) or
clockwise (negative). The magnitude of an angular velocity is called the angular

speed.



Angular Acceleration
® The average and instantaneous angular accelerations are defined as

Wy — W, A w . A w dw
= , o= lim =

[0/

avg

and the unit is rad/s? or rev/s?.

0 (rad)
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Are Angular Quantities Vectors ?

® “Can we treat the angular displacement, velocity, and acceleration of a
rotating body as vectors?” The answer is a qualified “yes”.

® We can represent its angular velocity as a vector pointing along the axis of
rotation.



Axis Axis Axis

® establish a direction for the angular
vector by using a right-hand rule, ie,
curl your right hand about the rotatmg )
disk, your fingers pointing in the e
direction of rotation. Your thumb _ " T
will then point in the direction of the 2] \jx
angular velocity vector.

Spindle

e

® In a pure rotation, a vector defines an axis
of rotation and the motion, not a direction
in which something moves.

® Considering only rotations that are about a fixed axis, =~
the angular quantities obey all the rules for vector 2
manipulation.

£« % .
7

e Caution: Angular displacements (unless they are
extremely small) cannot be treated as vectors.

Why not? Because they won't obey the rules of
vector addition.

@ Although the 2 angular displacements are identical, )
their order is not, and the book ends up with different

orientations. Not commute! i; /lp//?sm?




Rotation with Constant Angular Acceleration

Equations of Motion for Constant Linear Acceleration and for Constant Angular

Acceleration
Linear Missing Angular
Equation Variable Equation
v = vy,tat x—x,| 00, w = wytat
a Q
X—x, = vyt+—t % w -0, = wytt—1
2 2
2 2 2
v.o= vi+2al(x—x,) t t wo = wyt2alf-06,)
VotV Wyt w
X—Xx, = t a a 0-0, = t
2 2
X—Xx, = vi——t % W -0, = wt——1t
0 0 0 0

problem 10-4
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Reference
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Zero angular
position



Relating the Linear and Angular Variables . Cifg% -
® When a rigid body rotates around an axis, each particle in T
the body moves in its own circle around that axis, and all the
particles make one revolution in the same amount of time; ie,

they all have the same angular speed.

Rotation

® However, the farther a particle is from the axis, the greater
the circumference of its circle is, and so the faster its linear
speed must be.

The Position
® If a reference line on a rigid body rotates through an angle 6,

a point within the body at a position r from the rotation axis moves
a distance s along a circular arc, then s=6r radian measure

® Caution: The angle here must be measured in radians.

The Speed ds 40

® With r held constant, 4, o, T vEwr radian measure {Ro1tion
t— l- X1

® All points within the rigid body have the same angular speed,

points with greater radius have greater linear speed, and the linear

velocity is always tangent to the circular path of the point.

()



® For a constant angular speed, the period of revolution for the motion of each

2nTr 2T .
= radian measure

point and for the rigid body itself is 7T =
»

® The time for one revolution is the distance traveled in one revolution divided
by the speed, also means the angular distance traveled in one revolution divided
by the angular speed.

The Acceleration dv dw
® with r held constant, —=r —
dr dt

® However, dv/df represents only the part of the linear acceleration that is
responsible for changes in the magnitude v of the linear velocity.

® We call it the tangential component of the linear acceleration of the point,
a,=r a radian measure

® A particle (or point) moving in a circular path has a radial component of linear

acceleration, ar=v2/r (directed radially inward), that is responsible for changes in

2
V

. . . ) _ _ 2 .
the direction of the linear velocity, a,= P r w” radian measure

® The linear acceleration of a point on a rotating rigid body has, in general, 2
components: the radially inward component is present whenever the angular
velocity of the body is not O; the tangential component is present whenever the
angular acceleration is not O.



(Advanced) Derivation for a polar coordinate A AN v
® In a polar coordinate, the unit vectors are yio \"/é ,
¢ (radial direction ) and &, (tangential direction ) PErEAT
€
® The position vector can be written as 7 =r €, \ Q/A'
e}’
F
d the velocit *d*Adr+d g
an e velocityis u=—r-r —+r—2=¢, >
Y dt "dr  dt *
® Since the derivatives of the unit vectors in a polar coordinate are
d R d . . XA € Aé,
—Eé =we,, —E,=—we, /M\ i%e\ N
dzr dt £ \ee Co
- A A d r | AR S
therefore, U=re +rwey, < 1r=—— i
d1 —
® With r held constant n=rwe,=v¢, :
. . -> d - o A . d A . . A d A
® The accelerationis a= a u=re. +r a er+(r w+r w) Cotr w a €y

2 A

Z?er+rwee+(;'f w+rw)ee—rw €
2

= &Z(f—v—)ér+(2i"w+roz)ég

r

r

2

_ . -> v A A A A
® With r held constant a=——¢€ +raeys=a, e, +a, e,
r



problem 10-5

Kinetic Energy of Rotation

® We treat any rotating rigid body as a collection of
particles with different speeds. Then add up the kinetic
energies of all the particles to find the total kinetic
energy of the body,

K:§m1Vf+2m2v2 Z mv 4

=Z%mi<wr,—>2=5(2mirf)w2 () () /

in which the angular velocity is the same for all particles.

® The rotational inertia (or moment of inertia) of the body with respect to
the axis of rotation tells us how the mass of the rotating body is distributed

about its axis of rotation, and is a constant, 9 : i :
I= Z m_r; rotational inertia

® An axis must always be specified if the value of [ is to be meaningful.

® The kinetic energy becomes K = l I w* radian measure
and the SI unit for I is the kilogram-square-meter (kg-m?).

® The rotational inertia of a rotating body involves not only its mass but also
how that mass is distributed.




® It is easier to rotate a long, fairly heavy rod around its central (longitudinal) axis
than around an axis perpendicular to the rod and through the center.

® The reason is that the mass is distributed much closer to the rotation axis in the
first rotation. As a result, the rotational inertia of the rod is much smaller.

® In general, smaller rotational inertia means easier rotation.

(@)
o

Rotation /C%
axis /

()




Calculating the Rotational Inertia

® If a rigid body consists of a few particles, we can calculate its rotational inertia

about a given rotation axis with [ = Z m, rl.z :

® For a continuous rigid body, we replace the sum with an integral and define the

rotational inertia of the body as [ = / r*dm rotational inertia, continuous body

Parallel-Axis Theorem
@ To find the rotational inertia I of a body of

mass M about a given axis: let I, is the

rotational inertia of the body about a parallel
axis that extends through the body's center

of mass. Let /1 be the perpendicular distance

between the given axis and the axis through
the center of mass, then the rotational inertia
about the given axis is

I=I__+M h® parallel-axis theorem

Proof of the Parallel-Axis Theorem
® Let O be the center of mass of a body. Place

the origin of the coordinates at O.

Ccom

y

Rotation axis
through P

dm

y=>

Rotation axis
through
center of mass



® Consider an axis through O L the plane of the figure, and another axis through
point P || the first axis. And (x,y), = (a,b). Then the rotational inertia of the body

about the axis through P is

I[Z/rzdmZ/[(x—a)2+(y—b)2]dm
=/(x2+y2)dm—2a/xdm—2b/ydm+/(a2+b2)dm

= | + 0 + 0 + M h*
Problem 10-6 _——Rotation axis
through . —Rotation axis through
center of mass end of rod
m m , m
com m com
Q - = 9 O 5 Q
- %L - %L :% — I, ;i
Rotation
problem 10- axis
com *’{ ‘ dx M
_ / . A
4’{ dm
problem 10- ) I 1 I }
2 2




Axis Axis Axis

Hoop about Annular cylinder Solid cylinder
R central axis (or ring) about (or disk) about
central axis \ central axis
S
R\ /
I= MR? (a) I=4M(R;% + Ry%) (b) = SMR? ()
Axis Axis Axis ‘
Solid cylinder Thin rod about - Solid sphere
(or disk) about axis through center about any
\ central diameter perpendicular to diameter
/ I length 9R
v L
R / \‘/‘ '
I=4MR? + {s ML? (d) I= ML (¢) [= SMR? V)
Axis Axis Axis
S Thin Hoop about any Slab about
spherical shell }& diameter perpendicular
about any axis through
2R diameter | center
4
b -~
S B [~ a \>|‘/
I= $MR? (®) I= sMR? (R) I=5M(a? +b%) ()



Appendix
(a) assume the line density of the ring is s, then M =2 wsR.

27
]IZ/rzdmZ/stdﬁzsR?’/ d0=2n1sR’=M R*
0

(b) assume the surface density of the thick ring is o, then M=o 7 ( R§ - Rf)

R, 4|R
I= /r dm= / / or’(rd@dr)= 2770/ r3dr=27ra%
Rl

2

R

1

2 R +R
=—tTo—————=M
2 2 ,
M R
(c) use (b)'sresult and set R, =0: [ = ?
(h) assume the line density of the ring is s, then M =27 sR. <>

27 T 2
]I:/rzdm:/ stinzﬁst9=2sR3/ sin20d0:7rsR3=%
0 0

For a disk with a rotating axis like the figure, assume the surface density is o,
then M =7moR?. Use the result of (h),

R 2T R 4 2
]IZ/rzdmI/ dr/ (rsinf)ordf= 770/ r3dr=7raR MK
0 0 0 4 4

(d) assume the volume density of the bar is p, then M =7 pR*L. By using the
above result and the parallel-axis theorem,




L/2 - R4 L/2 T R4 L/2 L/2
1:/ ’; d£+/ wazezde:’; / dﬁ+wa2/ 0> d ¢

—L/2 —L/2 —L/2 —L/2
TpR'L wpR'L> MR ML?
= + = +
4 12 4 12

(e) assume the line density of the rod is s, then M = sL.
L2 Li2 3|L/2 3 2
L~ ML
I:/ £2dm:/ ngdgzsz— :S —
112 112 Sl 12 12
(g) assume the surface density of the sphereis o, then M =4 T R* o

T 2w T ' 27
1:/r2dm:/ / (RsinH)za(RdH)(Rsin9d¢):aR4/ sin?’ede/ d ¢
0 0 0 0

=270 R / sin®0d0=SroR' =2 M R
3 3 4
(f) assume the volume density of the ball is p, then M=——p R’

/r dm= / / /277 rsin) p(rsinfde)(rdf)dr

—,0/ r dr/ sin 9d9/ dgb—%wa / sin «9d9-£7r,01’€5:%MR2
5 0 15 5

(i) assume the surface density of the sphere is o, then M = a b o.

al2 bl2 al2 3 2,2 2,2
= [0 [ eetearay=a [T (beel Yarmoar S 2
—al2 d —bI2 —al2 12 12 12




Torque =
® To make an object rotate, the
magnitude, the position
applied and the direction
of the force are all
important.

Line of
. —_—>
action of F

Rotation
axis

.

Rotation
axis

® To determine how a
force results in a rotation of the body around the rotation 83(18 we resolve the
force into 2 components:

— radial component: points along radius, not cause rotation;
— tangential component: perpendicular to radius, F, = F sin 0, cause rotation.

® The ability of a force to rotate the body depends not only on the magnitude of
its tangential component, but also on just how far from the rotation axis.

e Define torque as the product of the 2 factors 7= (r)(F sin ¢)

® 2 equivalent ways of computing the torque are
T=rF,=(r)(Fsing)=(rsing)(F)=r, F

where r, is the perpendicular distance between the rotation axis and an extended
line running through the force. This extended line is called the line of action of

the force, and r, is called the moment arm of the force.

® The SI unit of torque is the newton-meter (N - m), but torque is not a work.



Newton's 2" Law for Rotation

@ A torque can cause rotation of a rigid body,
therefore, we want to relate the net torque on a rigid
body to the angular net acceleration that torque
causes about a rotation axis,

7 =1 a Newton's 2nd law for rotation

Proof of the Equation
Relate F, to the particle's tangential acceleration at
along the path with Newton s 2" law, F,=ma,

Then the torque acting on ¢ he particle is 0

T=rF,=rma,

Since a,=ra = Tzrm(ra):(mrz)a

Rotation axis

The quantity in parentheses on the right is the rotational inertia of the particle

about the rotation axis, thus

=1 o radian measure

For the situation in which more than one force is applied to the particle,

7 .=1 o radian measure



problem 10-10 problem 10-9

Moment arm d,;

of your pull Moment arm do
] _. Opponent's of gravitational
|7 force on
: CerI;t;gsOf opponent —_ A
() | w
|
! CAS
HON
' e
m m Fg 2
F ) Moment
Fg / arm d,;
‘ of your pull

3
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The chosen problems: 7, 42, 66.



Work and Rotational Kinetic Energy

® When a torque accelerates a rigid body in rotation about a fixed axis, the torque
does work on the body.

® Relate the change in kinetic energy to the work with the work-kinetic energy

theorem, A K=K, - K, :% I wfp — % I wl.z =W work-kinetic energy theorem

gf
® The work is W = / 7d 6 work, rotation about fixed axis
01’

e If torque is constant W =17 (6 T 6.) work, constant torque

dw

® The poweris p—=——
d?

=T w power, rotation abount fixed axis

Proof of these equations

since AKZKf—KZ:W and KZ%mVZZ%mrzwz

it gives A K= (mrz)wfc——(mrz)w.=—I[wi——]Iwi2=W

1
2



Although We derived it for a rigid body with one particle, but it holds for any

rigid body rotated about a fixed axis.

For the work, d W = ?d?—F rd0=7d86

thus the work done during a finite angular displacement is W = / Td6

do
—_— =T — =

dt

dw

For the power P = q T W
!

Problem 10-11

Some Corresponding Relations for Translational and Rotational Motion

Pure Translation (Fixed Direction)

Pure Rotation (Fixed Axis)

Position X

Velocity v=dx/dt

Acceleration a=dv/dt

Mass m

Newton's 2nd law F  =ma

Work W= / Fdx
L 1 2

Kinetic energy K = By my

Power (constant force) P=Fv

W-K theorem

Angular position 0

Angular velocity w=d0/dt

Angular acceleration a=dw/dt

Rotational inertia I

Newton's 2nd law =1 «

Work W= / 7d6
.. 1

Kinetic energy K = 5 I w?

Power (constant torque) P =171 w

W-K theorem W=AK
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