Cnaptar © Magnetic Fields in Matter
Magnetization

Diamagnets, Paramagnets, Ferromagnets

@ All magnetic phenomena are due to electric charges in motion; you would find
tiny currents on an atomic scale in magnetic material: electrons orbiting around
nuclei and spinning about their axes.

® For macroscopic purposes, these current loops are so small that we may treat
them as magnetic dipoles. Ordinarily, they cancel each other out because of the
random orientation of the atoms.

® When a magnetic field is applied, a net alignment of these magnetic dipoles
occurs, and the medium becomes magnetically polarized, or magnetized.

® Unlike electric polarization, which is almost always in the same direction as E,
some materials acquire a magnetization parallel to B (paramagnets) and some
opposite to B (diamagnets).

® Some substances (called ferromagnets, eg, iron) retain their magnetization
even after the external field has been removed—for these, the magnetization is
not only determined by the present field but also by the whole magnetic “history”
of the object.
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Torques and Forces on Magnetic Dipoles
® A magnetic dipole experiences a torque

in a magnetic field, just as an electric !
dipole does in an electric field.

@ Calculate the torque on a rectangular current loop in a
uniform field B. Center the loop at the origin, tilt it an angle 6

from the z axis towards the y axis. Let B point in the z direction

® The forces on the 2 sloping sides cancel, stretching the loop but not rotating.

® The forces on the “horizontal” sides are likewise equal and opposite, so zero
net force on the loop, but they do generate a torque: N=rxF =g F sin9 x

@F=/bB = N=]abBsin0x=mBsin0x < m=1Iab magnetic dipole
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® (@) is identical in form to the electrical analog, N=pXE.

® The torque is in such a direction as to line the dipole up parallel to the field. It
is this torque that accounts for paramagnetism.

® Since every electron constitutes a magnetic dipole, you might expect
paramagnetism to be a universal phenomenon.

® Actually, quantum mechanics (the Pauli exclusion principle) tends to lock the
electrons within a given atom together in pairs with opposing spins, and this
effectively neutralizes the torque on the combination.

® So paramagnetism most often occurs in atoms/molecules with an odd number
of electrons, then the “extra” unpaired member is subject to the magnetic torque.

® Random thermal collisions tend to destroy the alignment and order.

® In a uniform field, the net force on a current loop is 0O:
F:I]{(dKXB):I (%dﬁ) xB=0

® In a nonuniform field this is no longer the case.

® Suppose a circular wire ring of radius R, carrying a current /, is suspended
above a short solenoid in the “fringing” region.



® B has a radial component, and there is a net downward ‘\\ -__./(/D ]

force on the loop: F =27 I R B cos 6

~-VU=V (m-B) < fora infinitesimal loop + U=—m-B /‘“\
o
® The magnetic formula is identical to its electrical | <--__>_____z
“twin,” for F=V(p - E). B | B Z“*—>—-—~>
| d > >
@ This similarity made some early P
physicists think magnetic dipoles : q P
consisted of positive and | S P
ne . . 0« ” F F >
gative magnetic “charges, :

separated by a small distance, just like electric dipoles.

® There’s no magnetic charge. Magnetism is not due to magnetic monopoles, but

rather to moving electric charges; N +
magnetic dipoles are tiny current : t
loops.
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® Whenever the close-up features P
of the dipole come into play, the
Gilbert model and the (correct) ¢

Ampere model can yield strikingly —

different answers. (a) Magnetic dipole . (c) Magnetic dipole

(Gilbert model) 0) Electric dipole =y s e 1rodel)




External magnetic field: B (r')=B (0)+(r'*V)B(0)+-- « V-B=0, VXB=0

/V/'(X;J)dT/Z/(V/x;-.l+xl/.v//] dT/Z/J d7'=0
= F:/JXBdT/:/Jy)/dT/XB /J dT/+°°-

= r r- S Y (rV)B+(B- V)£
/J< JxVr-B](0)d +r’ X(V/B)+B><()V//{%r’)
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N:/I'/X<J><B)d7'/ < dN=r'XdF=r'x(JxB)dr

:/(r/-B)JdT/—B/%dT/ZBX/—r >2<Jd7'/=m><B

Example: A rectangular loop in the xy-plane with sides b, and b, carrying a

current / lies in a uniform magnetic field B=B_ X+ B ¥+ B_Z . Determine the
force and torque on the loop.




Effect of a Magnetic Field on Atomic Orbits
® Electrons not only spin; they also revolve around

v
the nucleus—assume the orbit is a circle of radius R. /

@ This orbital motion doesn’t constitute a steady curren
but the period so short that it looks like a steady current:

I:£:e<_v> = MmM=/-"TR"Z=——evRzZ=—

T 27R 2 2 m

® It’s harder to tilt the entire orbit than it is the spin, so the orbital contribution

to paramagnetism is small.

® This leads to that the electron speeds up or slows down, depending on the

orientation of B.
2

v
® Whereas the centripetal acceleration — is ordinarily sustained byBelectrical

2. b2 R
—~R=—m,— R, in the presence
4me, R R
of a magnetic field there is an additional force, —e vXB.
1 e _ v
;tev B=m,—
4me, R R

forces alone,

® Let B | the plane of the orbit,
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Let Av=r—v<l = “Z<(p+)(p-v)~ =2 (27)Av=evB = Av="""

2m,
© When B is turned on, the electron speeds up. A change in orbital speed means
, , 1 « e’ R’
a change in the dipole moment: Am=——¢e¢AVvRZ=-— B
2 4m,
® The change in m is opposite to the direction of B.
® An electron circling the other way would have a dipole m. moment pointing
upward, but such an orbit would be slowed down by the | _0_
field, so the change is still opp031te to B. -7 T~
\ /‘ T~ -—__ _ Yo
Vo . -7 q
q
m
0 m,+ Am
! ’ B, I . B, A



® Ordinarily, the electron orbits are randomly oriented, and the orbital dipole
moments cancel out. But with a magnetic field, each atom picks up “extra” dipole

moment, and these increments are all antiparallel to the field — diamagnetism.

® It is a universal phenomenon, affecting all atoms. But it is much weaker than

paramagnetism, and thus is observed mainly in atoms with even numbers of
electrons, where paramagnetism is usually absent.

® This classical model is fundamentally flawed (it’s a true guantum phenomenon).

What is important is the empirical fact that in diamagnetic materials the induced
dipole moments point opposite to the magnetic field.



B = a,B, goc
Hall Effect e

® Consider a conducting material of a dXb rectangular
cross section in a uniform magnetic field B = B 7

A uniform direct current flows in the y-direction:
J=J,y=Ngu

® The magnetic force law let the charge
carriers experience a force 1 both B & u.

J = B=a BO
® If the material is a conductor/n-type semlconductor theIcharge carriers are
electrons, and ¢ is negative. The magnetic force tends to move the electrons in
the +x-direction, creating a transverse electric field.

® It continues until the transverse field can stop the drift of the charge carriers.

® In the steady state the net force on the charge carriers is O:
F=¢g(E,+uxB)=0 < E,:Hallfield = E,=—uXxB Hall effect

® For conductors/n-type semiconductors and a positive J,>0, = u=—u, y
d

= E,=—(—u,y)XB,z=u,B,x = Hall voltage VhZ/ E,dx=u,B,d
0
L 1

— = Hall coefficient: a characteristic of the material
J.B. Ng

y 7z




Excess positive charge

Excess negative charge Y
1" To galvanometer



® [f the charge carriers are holes, such as in a p-type semiconductor, the Hall

field will be reversed, and the Hall voltage will be negative with the reference
polarities shown in the figure.

® The Hall effect can be used for measuring the magnetic field and determining
the sign of the predominant charge carriers.

® In actuality it is a complex affair involving quantum theory concepts.

® When a conductor begins to move at speed v through a magnetic field, its
conduction electrons do also. And an electric field E and potential difference V
are quickly set up:

eE=evB = V=vBd

orbital
® Such a motion-caused circuit potential o s .. velocity
difference can be of serious concern K
when a conductor in an orbiting satellite £ Voltage
moves through Earth’s magnetic field. : =3
Lo current

.

e If a conducting line (said to be .=~
an electrodynamic tether) dangles

from the satellite, the potential
produced along the line might be
used to maneuver the satellite.

-}
drag

=
-
s

- - =

magnetic
field line



Magnetization
® In the presence of a magnetic field, matter becomes magnetized; it contains
many tiny dipoles, with a net alignment along some direction.

® 2 mechanisms that account for this magnetic polarization:

(1) paramagnetism: the dipoles associated with the spins of unpaired electrons
experience a torque tending to line them up parallel to the field.

(2) diamagnetism: the orbital speed of the electrons is altered in such a way as
to change the orbital dipole moment in a direction opposite to the field.

® We describe the state of magnetic polarization by the vector quantity

N magnetic dipole moment , m
magnetization M = ——2 P — 1im ZA K
volume Aro0

a role analogous to the polarization P in electrostatics.

® No matter paramagnetism, diamagnetism, or ferromagnetism, we take M as
given and do the consequent calculation.

® Except the famous ferromagnetic trio (iron, nickel, and cobalt), few materials
are affected by a magnetic field.

® The reason is that diamagnetism and paramagnetism are extremely weak: It
takes a delicate experiment and a powerful magnet to detect them at all.



® If you suspend a piece of paramagnetic material above a solenoid, the induced
magnetization would be upward, and hence the force downward. By contrast, the
magnetization of a diamagnetic object would be downward and the force upward.

® When a sample is placed in a region of nonuniform field, the paramagnet is
attracted into the field, whereas the diamagnet is repelled away.

@ But the actual forces are weak—in a typical experimental arrangement the
force on iron would be 10*—10° times bigger. That’s why we don’t worry about
the effects of magnetization inside a copper wire most of the time.

Assemblage Equivalent volume
: of dipoles and surfar_:e_
Matter described > current densities

by M Jm and Km




The Field of a Magnetized Object
Bound Currents
® Let the magnetic dipole moment per unit volume is M in magnetized material.

><V

- / /
F=r—-r = r=r—r|

Ho MXT [
4 47

® In the magnetized object, each volume element d7’ carries a dipole moment
M d7/, so the total vector potential is

Alr)= “O/M< XE =t (Mu)xvi)da - vi-E

e e
£ (fT g

Jb=V><M, K,=Mxn = V-J,=0
volume current surface current
r K, (r ,
ﬂ/ Jb( )dT/+ﬁ b( )da
4 7

® Instead of integrating the contributions of all the infinitesimal dipoles, we first
determine the bound currents, and then find the field they produce.

® The vector potential of a single dipole mis A ( )

=> A(r)=

r 4r) ¢ I



/ Vvdr= 7{ v-da < divergence theorem

et v—>vXec where ¢ isaconstant vector = V X¢=0
Viaxw)=w-(Vxu)—u:(V xXw)
=2 %x"0, 2 € R uw =2 " 0,(uw)=2 € (u8,w+w,0u,

ijk ijk ijk

m
=D w, X" D €%, 0,u—) u, X" €"%,0 w,
m

ijk m ijk

:>/V'(VXC)dT:/[C'(VXV>—V'<y/C)]dTIC'/VXVdT

(vxe)-da= c-%daxv

/ VXVdT:% da><v=—7{ vXda < ¢ canbe any constant.
V s S

Check Problem 1.61(b).






® Notice the parallel with the electrical case: there the field of a polarized object
was the same as that of a bound volume charge p,= —V - P plus a bound surface

charge o,=P-n.
ZA

Example 6.1: Find the magnetic field of a uniformly magnetized sphere.

/

r

® Choosing the z axis along the direction of M,

/

A A/ ARew 6
J,=VXM=0, K,=MXn=MXr =Msin6 ¢ MT B

N
/

e A=

~

® A rotating spherical shell, of uniform surface charge o,
corresponds to a surface current density (Ex. 5.11) ¢

Kzavzaszinﬁ/qAb/ X

® So the field of a uniformly magnetized sphere is identical to the field of a
spinning spherical shell, with the identification ¢ R w > M

~

@ The integration is easier if we let r lie on the z-axis,
so that M is tilted at an angle 6. We orient the x-axis
so that M lies in the xz-plane.

=y

K / / / / /
oA (r)= “0/ “da’ <= dd'=R’sin0'd6'd¢

4 I

M=M(sin@x+cosfz), r:\/R2+r2—2chos o




X y Z
K,=MXr =| Msin6 0 M cos 6
sin @' cos ¢ sin @ sin ¢ cos @’

=M [sin 0 (sin @ sin ¢ Z — cos @ sin ¢ X)+(cos O sin 8 cos ¢ —sin O cos §') y]
2 2
0/ singb/dqb/:/ cosd do' =0
0

0

poMR*sin® . [ cos@'sin6'do

= A(r)=- y
2 o VR*+1r2—27r R cos 6§/
Ko T . _ : A
=— —MxXr, r.=min(r,R) « MXr=—rMsinQy
r
3
NOM Fo . g . A
= “sinf ¢ <« revert the coordinates M|z, r=(r,0, ¢)
r
2 g . L
M  uniform inside the sphere
= B=V XA= 3

3(rrm)r—m
Ho 3 ) outside the perfect dipole m = 4?# R°M

4 1 43

® The internal field is uniform, like the electric field inside a uniformly polarized
sphere, although the factors are different, 2/3 in place of —1/3. The external
fields are also analogous: pure dipole in both instances.



Z4
Example: Determine the magnetic flux density on the axis
of a uniformly magnetized circular cylinder of a magnetic *\‘P (0, 0, 2)
material. The cylinder has a radius b, length L, and axial |
magnetization M =M z.

J,=VxM=0, K,=Mxn=>Mx§=M¢(

The magnet is like a cylindrical sheet with a

lineal current density of M. There is no surface
current on the top and bottom faces.

A

e M@ 'x(—bs'+(z—27)2)
47T [(Z/_Z)2+b2]3/2

(z—7)s'+bz

4 T [(Z/_Z)2+b2]3/2

M 2 / /

> B:/deii 2/ bdedz

[(Z/— Z>2+b2]3/2
M L . 2 . / M 0, M 0,
_ Fo 2/ b C}(ZZ 53)/22—'“0 i/ sin30dcot0:'u0 2/ sinf@d o
2 o [(z—2)+b7] 2 0, 2 4,

Z z—L ) .
= - Z
0, 2 (\/z2+b2 \/(z—L)2+b2

dB= dad

bdo'dz

< axial symmetry

>
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Problem 6.10: An iron rod of length L and a

square cross section of side a is given a ai

uniform longitudinal magnetization M, then

bent around into a circle with a narrow gap \Y /
W

of width w. Find the magnetic field at the
center of the gap, assuming w<<a<<L.

:U“O Itotal &
27™R

The magnetic field at the center of a square loop, which 2T R=L
carries a steady current / =w K, (from the quiz, using the qAb 4
result of Ex. 5.5), is

square_z\/iluo ¢ ZW—HOMQ%:Z\/EﬁlLLOM

So the net field in the gap is, by superposition,

B — Bll’lSlde Bsquare ( 1 2 \/7 = ) &

K,=M = B. :,uOMqAb:,uOM for a complete ring < B =

inside




Physical Interpretation of Bound Currents
® The field of a magnetized object is identical to the field that would be produced

by a certain distribution of “bound” currents, J, and K,. A M

® Let the dipoles be represented by tiny

current loops in a thin slab of uniformly
magnetized material.

® All the “internal” currents cancel: every time there
is one going right, a contiguous one is going left.

® At the edge there is no adjacent loop to do the canceling. T
The whole thing is equivalent to a ribbon of current / around the boundary.

® Each of the tiny loops has area a and thickness f. In terms of the magnetization
M, its dipole moment is m=M a t. In terms of the circulat'bng current I, m=I a. So

I = M t, so the surface current is \ M
Il

5
® Using the outward unit Ve(f\i;,[or

n, the direction of K, is
conveniently indicated

by the cross product: 7 }
K,=M Xn [ 1 I

-~




® This expression also indicates that there is no current on the top or bottom
surface of the slab; here M is parallel ton, so the cross product vanishes.

® It is a peculiar kind of current, no single charge makes the whole trip, each
charge moves only in a tiny little loop within a single atom. But the net effect is a
macroscopic current flowing over the surface of the magnetized object.

® When the magnetization is nonuniform, the internal currents no longer cancel.

® On the surface where they join, there is a net current in the x direction,

oM. oM, d1
Ix:[MZ(Y"'d)’>—MZ(Y)]dZ:a—ydydZ = (J,).= 3y = JEdCZ
1
1 A M(y+ dy) z A
, >
Mz(y)T Y M},(Z+dZ)
1 dZ{ |
! "/ M)
dy - dy
y y

(a) X (b)



® So a nonuniform magnetization in the y direction would contribute an amount

oM oM oM
— = = (J,).= < — L= =V XM
0z (b)x Oy 0z J,

e Like any other steady current, J, should obey the conservation law V - J,=0, for
the divergence of a curl is always 0.




The Magnetic Field Inside Matter
® The actual microscopic magnetic field inside matter fluctuates wildly from point
to point and instant to instant.

® When we speak of “the” magnetic field in matter, we mean the macroscopic
field: the average over regions large enough to contain many atoms. The

magnetization M is “smoothed out” in the same sense.

@ It is this macroscopic field that one obtains when the methods in this chapter
are applied to points inside magnetized material.



The Auxiliary Field H

Ampere’s Law in Magnetized Materials
® The field due to magnetization of the medium is the field produced by these
bound currents. The field can come from others called the free current.

@ In any event, the total current can be writtenas J=J, +J f

® The free current is there because a wire is connected to a battery—it involves
actual transport of charge; the bound current is there because of magnetization—
it results from the conspiracy of many aligned atomic dipoles.

® Ampere’s law can be written as

—VXB J=J+J,=J,+VXM = VX(ME—M)ZJf

B
> H=—-M > VXH:Jf ]{H -d£=1, < I, :total free current

Ho
@ H plays a role in magnetostatics analogous to D in electrostatics: D allows to
write Gauss’s law in terms of the free charge alone, H allows to express Ampere’s
law in terms of the free current alone, what we control directly.

® Bound current, like bound charge, comes along for the ride—the material gets
magnetized, and this results in bound currents; we cannot turn them on or off
independently, as we can free currents.



Example 6.2: A long copper rod of radius R
carries a uniformly distributed (free) current

I. Find H inside and outside the rod. Q

® Copper is weakly diamagnetic, so the dipoles

will line up opposite to the field. .
Amperian loop

® This results in a bound current running
antiparallel to /, within the wire, and parallel to

I along the surface.

® All the currents are longitudinal, so B, M,
and therefore also H, are circumferential.

® For an Amperian loop of radius s,
2

]{H-dZZH-ZWS:Ifm:IS—Z = H=

\)

-~
| @

>

where s, =max (s, R)

pol 4

¢
2mSs
same as for a nonmagnetized wire (Ex. 5.7). B inside cannot be determined yet.

M(s>R)=0 = B(s=R)=p,H(s>=R)=



X, 1S

@ For linear media (mentioned later) M = X,, H = & for s < R (and x,,<0),

271 R*
Xl . A
. 1 —2 z for n=s
= J,=VxM=="-1z, K,=Mxn= ”I
™R + X ~s for n=—+z
27mTR

= %Kb-dKZ—XmIZ—/ J,,da = Bin::u’O(Hin+M>::u’O(1+Xm>Hin
% s

® H is a more useful quantity than D. This is because to build an electromagnet
you run a certain (free) current through a coil. The current determines H (or the

line integral of H); B depends on the specific materials you used and even on the
history of the magnet.

® On the other hand, to set up an electric field, you do not plaster a known free
charge on the plates of a parallel plate capacitor; you connect them to a battery

of known voltage. 1t’s the potential difference determines E (or the line integral of
E); D depends on the details of the dielectric.

® Theoretically, D and H are on an equal footing.

® Many authors call H, not B, the “magnetic field,” and call B the “flux density,”
or magnetic “induction.” We will continue to call B the “magnetic field.”



A Deceptive Parallel
® Be aware that u, H is “just like B, only its source is J, instead of J.” For the curl
alone does not determine a vector field—you must also know the divergence.

e For V- B=0, the divergence of H is not, in general, 0. In fact, V-H=-V - M.
Only when V - M=0 is the parallel between B and pu, H faithful.

® Consider a cylinder of iron that carries a permanent uniform magnetization M
parallel to its axis. In this case there is no free current anywhere, y{ H-d/=1 £

might lead you to suppose that H=0, and hence that B=u, M inside the magnet
and B=0 outside, which is nonsense. It is true that the cur/ of H vanishes
everywhere, but the divergence does not. (Can you see where V-M # 0 ?)

® To find B/H in a problem involving magnetic materials, first look for symmetry.
If the problem exhibits cylindrical, plane, solenoidal, or toroidal symmetry, then
you can get H directly from the above eqn by the usual Ampeére’s law methods.

® In such cases V - M=0 since the free current alone determines the answer
(V -H=0). If any symmetry is absent, you have to think of another approach, and
in particular you must not assume that H=0 just because there is no free current.



Boundary Conditions
® The magnetostatic boundary conditions can be rewritten in terms of H and the
free current:

V ) H:_VM = Halbove_Hl_)Lelow :_(Malbove_Ml_)Lelow)
VxH= [, H,  -H,, = Kxi

above below

® In the presence of materials, these are sometimes more useful than the
corresponding boundary conditions on B:

A — A = 0
Bi})ove o B ﬁ)—elow — O above below
B, B, =p Kxii Ay A=, K
above below — Mo X1 on above on below 122

® For linear media (as mentioned later),

o BJ_ O = /’Labove Hibove o :u’below HJ_ — O

below — below ~

BL

above

B v 12 above T e /4H bove




Example: 2 magnetic media with permeabilities p, & p, have a 0, o
common boundary. The magnetic field intensity in medium 1 at ! 1/ﬁ
has a magnitude H, and makes an angle o, with the normal.

Determine the magnitude and the direction of the magnetic
field intensity in medium 2.

1 1 _ _
ILLabove Habove o lubelow H =0 ,LLl Hl COS al — Iu’2 H2 COS a2

below —
| | — A : — .

Habove o Hbelow - Kf XD = O Hl SIn al _ H2 S1n az

tan o _
= 2= ba = a,=tan ' &tanal

tan Qg M M

2 2 2 . 2

> H,=\Hj +H =(H,cos a,/’+(H,sin a,)

2
_ 231 ., H, 2 2 2 . 2
7 7

2 2



Linear and Nonlinear Media

Magnetic Susceptibility and Permeability
® For most substances the magnetization is proportional to the field, provided the
field is not too strong.

® M=y H (#) < x,:magnetic susceptibility
® Y, is positive (negative) for paramagnets (diamagnets). Typical values~10".

® Materials that obey (#) are called linear media:
B=p(H+M)=py(1+x,)H=pH < permeability pu=p,(1+x,,)=p,n,

Thus B is also proportional to H. i, is called the permeability of free space.

Material Susceptibility  Material Susceptibility
Diamagnetic: Paramagnetic:

Bismuth —1.7 x 100*  Oxygen (O,) 1.7 x 107°
Gold —3.4x 107  Sodium 8.5 x 107°
Silver —2.4x 10  Aluminum 2.2 x 107>
Copper —9.7 x 107®  Tungsten 7.0 x 1073
Water —9.0 x 107®  Platinum 2.7 x 1074
Carbon Dioxide —1.1 x 107®  Liquid Oxygen 3.9 x 1077

(—200° C)

Hydrogen (H,) —2.1 x 107 Gadolinium 4.8 x 107!



Z
Example 6.3: An infinite solenoid (n turns/unit length, current /) is filled /i\

with linear material of susceptibility x, . Find the magnetic field inside z-——>—-—fz

the solenoid. I
S

q . D

® This is one of those symmetrical cases in which we can get H from 4 >

the free current alone, using Ampere’s law 4, P

4 o P

%H-dZZIfm = H=nlz = B=unlz=p,(1+x,)nlz GF—»—7P
N~

® If the matter is paramagnetic/diamagnetic, B is enhanced/reduced. ﬂ

e K,=MXxn=y, HXn isin the same/opposite direction as I for x, = 0.
=Xl
® Linear media still does not escape the defect in the parallel between B and H.
B 1 1 1 :
V-H=V - —==V:B+B-V ==B-V = #0 in general
[ & M M .

® At the boundary between 2 materials of different permeability, the divergence
of M can actually be 0.

® At the end of a cylinder of linear paramagnetic material, M is 0 on one side but
not on the other.



Gaussian pillbox
® In the plot,

%M.da;&O = V-M=#0 everywhere M =0

) |
= V -H#0 everywhere Vacuum

® Incidentally, the volume bound current density in a homogeneous linear
material is proportional to the free current density:

J,=VxM=Vx(x,H)=x,J;

® Unless free current actually flows through the material, all bound current will
be at the surface.

Paramagnet

Selected problems: 3, 8, 13, 16, 18, 21, 23



Magnetic Scalar Field

/=0 = VXH=0 > H=-V ® <« &: magnetic scalar potential
B=pH = V:(.V&)=0
V®=0 + the boundary conditions for H

For p =const = ,
V¥%=0 « B=—V ¥ + theboundary conditions for B

® For M given and J=0
V-B=p, V- (H+M)=0 » V-H=-V’d=p,«-V-M = Vo=—p,

= @(r):i/ u (1) T__L V/°M(r/)d7_, if no boundary
4m r 4w r surface
(/MV—dT—]{ M.da’) - Mwellbehaved
4 i r oo & localized
= (I)(r):_—V'/—dT/ (@) = ——_V_
Ir
m-r
N——V /Mdrz < m= /Mdr r>0
4 4 1 r’



® An arbitrary localized distribution of magnetization asymptotically has a dipole
field with strength given by the total magnetic moment of the distribution.

® If the magnetized material has a volume and surface, we specify M inside the
volume assuming that it falls suddenly to O at the surface, similar to the electric
polarized material, and assign an effective magnetic surface-charge density, o,,

® (r) v/_dT:—/MV—dT:—/MV—dT

‘M
i _da__/V M(r'gV)=0

da —nda

= @(r):L/ 1o +—j{ —2dd < p,=—V-M, o,=M-n
4m) , T
if M is uniform = & (r)=— —da
47‘(‘ s I

® (@) is generally applicable even for the limit of discontinuous distributions of
M. Never combine the surface integral of o,, with (@)!



ZA

Example 6.1: Find the magnetic field of a

uniformly magnetized sphere. T 6
M

I
=VxM=0, K,=Mxn=MXrt'=Msinf ¢’ o

oFmdA MO/—da = B=V XA




Example 6.1: Using a scalar potential as the alternative 1:

<I>———V /—dT

/—dT—M/dT —M/ s1n6’dr d6'd¢ _ choose r‘zri
\/ r — 2 r r' cos 0’ temporarily

2
r
R*—— for r<R with
27M [, , o / /
=27 /r(r+r—|r—r|)dr =27M 3
0

r 3
2R for r>R = r>r
3r
3
v/—dT’ = & (r,0) @Out(r,H):%%COSH
Vo = Hmz—lM, H = MR—B(ZCOSHf+sm00)
3 3 r
B=yu (H+M) > B =24 M, Bout:uo%%(20039f+sm99)
r



Example 6.1: Using a scalar potential as the alternative 2: & = — 7{ 2 dd

Use the similar trick like the one with vector potential:

Choose r=rz, put Minthe x z-plane = M=Msin 0 X+ M cos0 z
And r'=sin 0 cos ¢ X+sin 0 sin ¢ y +cos 0’ Z

= ¢,=M-r' =M (sinfsinf cos ¢ +cosf cosb’)

]{—da _M%smé?sm@ cc/)g/gb +cos 0 cos 0
\/r2+R —2rRcos@
™ cos@'sin@'déo 27 M
=271 M R*cos 0 — == 5
o\/r +R°"—2r Rcos @ 3r

R’sin0'd6'dg’

(R°+r°—|R>=r°|) cos @

47TM 7’

cosH < r_=min(r, R) M
r’
3 o (r,H):ﬂrcosﬁzﬂz
M T 3
= ®=——cost =
3 r M R®

0)=—— 6
out (}" ) 3 COS

I"

> H=-V &, B=p,(H+M)




Example 6.1: Using a scalar potential as the alternative 3:

H=—V o < VXH:JfZO < no free current
V=0 « V-H=V-M=0 « M=M12
D
= & ZC r'P,(cos@), @Out(r,H)ZZTele(cosé’)
£=0 (=0 r

Boundary (1) ¢ (R)=a_ (R), (2) B, (R)=B,, .(R) « B=p,(H+M)
conditions: | |

D, D, {+1
:>(1> C£:R2e+1 <2>N0(C1+M):_2,“0F’ po £ Cp=—p, R2E+1
= Clz%, Dlz%RB C,=D,=0 for £#1
3
= & (r H)ZMZ ®_ (r H)ZMR—zcosﬁ
3 3 r
3
- H,=—+M, H,= = ~[3(fM)F-M]
3 3 r
3
= Bin:%/j’OM Bout:%%[g(fM>r_M]
r
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Example: A Magnetic Sphere in a Uniform External Magnetic Field.
Consider a sphere of radius R, made of a linear magnetic material

of permeability u,, embedded in a medium of permeability w,.
The sphere is placed in a magnetic field H, which is initially
uniform and pointing along the z direction.

Current=0 = H=-V & <« VXxH=J,=0, B=pH

= ®(r—oow)=—H,z=—H,rcosf, choose <I>(r:O):O

= (I)in:ZCEI’KPE(COSH), ® .

P,(cos 9)
(= ol”

Boundary 1 (b (R) (bout<R)’ (2> Bin r(R):B

conions: BB ) g HtH

— D1 —
. Cl_ F—HO, Cg— R2£ for /#1 <
D,
N1C1:_N2(2F+Ho)’ N1£C£:_N2<£+1)Rzg pfor £#1 < (2)
3 _
> C=——t2 gy p=t1F2py R C,=D,=0 for £#1
pet2 Pt 2y
3 —Uy R’ . .
= Bin: Mluz HO’ Bout:lu’Z(HO-l- Ml ’UIZ 3 [S(r.HO>r_HO]
pq+2 pat2p, r



Z4 P(x,y,z)

Example: A cylindrical bar magnet of radius b and

length L has a uniform magnetization M =M Z

along its axis. Use the equivalent magnetization
charge density concept to determine the magnetic

flux density at an arbitrary distant point.

=—V-M=0
’ + M on top/bottom face ?m\
UM — . \X'\ '
O on side wall L2 B
At a distant point the equivalent magV
charges on the top and bottom faces
appear as point charges: ~Gm y

iqM=7rb o, —+7b°M

2
= @-—%—d '~ (1—1) « r+=\/r21rLcosé’+L—
r. r_ B 4

L
(1+—cos€+ —1+Lcosﬁ+ ~ du cos 6
2r 2r 471'}’2

{

: r — _ _ A 2 A
- B= _MOV‘I)—'LL (3rm)r-m . M=mz=q,Lz=nb"L M1z

4 r’ total magnetic dipole moment




Ferromagnetism
® In a linear medium, the alignment of atomic dipoles is maintained by a
magnetic field imposed from the outside.

® Ferromagnets—which are not linear—no external fields needed to sustain the
magnetization; the alignment is “frozen in.”

@ Like paramagnetism, ferromagnetism involves the magnetic dipoles associated
with the spins of unpaired electrons. (An iron atom *°Fe has 2 lone electrons.)

® The new feature is the interaction between nearby dipoles: In a ferromagnet,
each dipole “likes” to point in the same direction as its neighbors.

® The reason for this preference is essentially quantum mechanical. The
correlation is so strong as to align virtually 100% of the unpaired electron spins.

® This kind of alignment occurs in relatively small patches, called domains. Each
domain contains billions of dipoles, all lined up, but the

domains themselves are randomly oriented.

® The household wrench contains an great number
of domains, and their magnetic fields cancel, so the
wrench as a whole is not magnetized.

@ If you put a piece of iron into a strong magnetic field, the torque
N=mXB tends to align the dipoles parallel to the field. Since they like to
stay parallel to their neighbors, most of the dipoles will resist this torque.
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® At the boundary between 2 domains, there are competing neighbors, and the
torque will throw its weight on the side of the domain most nearly parallel to the
field; this domain will win some converts, at the expense of the less favorably
oriented one.

® The net effect of the magnetic field is to move the domain boundaries. Domains
parallel to the field grow, and the others shrink.

® If the field is strong enough, one domain takes over entirely, and the iron is said
to be saturated.

® This process is not entirely reversible: when the field is switched off, there are
some return to randomly oriented domains, but there remains a preponderance
of domains in the original direction—permanent magnet.

® A simple way to accomplish this is to wrap a coil of wire around the object to be
magnetized.

® As you increase the current, the field increases, ANNANAAN
the domain boundaries move, and the magnetization I / / / l c>>
grows. Eventually, you reach the saturation point, VAVAVEVAY
with all the dipoles aligned, and a further increase t

|

in current has no effect on M (point b).




M A

(Permanent (Saturation)

Magnet)

f (Permanent
Magnet)

e
(Saturation)

® Suppose you reduce the current. Instead of retracing the path back to M=0,
there is only a partial return to randomly oriented domains; M decreases, but
even with the current off there is some residual magnetization (point c).

® If you want to eliminate the remaining magnetization, you have to run a current
backwards through the coil (a negative /). Now the external field points to the

right, and as you increase I (negatively), M drops down to 0 (point d).

® If you turn [/ still higher, you soon reach saturation in the other direction—all
the dipoles pointing to the right (point e). At this stage, switching off the current
will leave the wrench with a permanent magnetization to the right (point f).
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® To complete the story, turn / onlagain in the positive sense: M returns to O
(point g), and eventually to the forward saturation (point b).

® The path we traced out is called a hysteresis loop. So the magnetization of

material depends not only on the applied field (ie, on /), but also on its previous
magnetic “history.”

® It usually draws hysteresis loops as plots of B vs H, rather than M vs I, for
H=n I, B=u,(H+M)., and usually M>H.

® A little current is enough when you have ferromagnetic materials. That’s why
anyone who wants to make a powerful electromagnet wraps the coil around an
iron. It doesn’t take much of an external field to move the domain boundaries,
and when you do that, you have all the dipoles in the iron working with you.



® Dipoles within a domain in ferromagnetism line up parallel to one another.

® Random thermal motions compete with this ordering, but as long as the
temperature doesn’t get too high, they cannot budge the dipoles out of line.

® Very high temperatures do destroy the alignment. This occurs at a precise
temperature of 770° C for iron.

® Below this temperature (called the Curie point), iron is ferromagnetic; above,
it is paramagnetic.

® The Curie point is rather like the boiling/freezing point in that there is no

gradual transition from ferro- to para-magnetic behavior, any more than there is
between water and ice.

® These abrupt changes in the properties of a substance, occurring at sharply
defined temperatures, are known in statistical mechanics as phase transitions.
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® In the solenoid case, the electrons don’t feel the
magnetic field inside but only the magnetic vector
potential outside, and the phase difference change

still happen.

® Quantum-mechanically, the magnetic vector
potential A is as real physically as the magnetic

field B.

.A=0

Aii/i/iiisssdssciiai’iiddccddddz

VxA=0_ A=-V o . boundary _ classical

V>®=0 conditions

treatment
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