Chaiptzr | Vector Analysis A
Vector Algebra

Vector Operations 4

® Displacements, straight line segments :
going from one point to another, have mi
direction as well as magnitude (length),

® Such objects are called vectors: velocity,

acceleration, force and momentum are other examples.

® Quantities that have magnitude but no direction are called scalars: examples
include mass, charge, density, and temperature.

® The magnitude of a vector A is written |A| or, more simply, A.

® —A is a vector with the same magnitude as A but of opposite direction.
B

® Define 4 vector operations: addition and 3 kinds —4

of multiplication:

(i) Addition of 2 vectors
A+B=B+A commutative

(A+B)+C=A+(B+C) associative
A-B=A+(—B) subtraction

A (A+B) (B+A) A




(ii) Multiplication by a scalar: Multiplication of a vector by a
positive scalar a multiplies the magnitude but leaves the direction

unchanged. a(A+B)=aA+aB distributive (A-B) A

® If a is negative, the direction is reversed.

(iii) Dot product of 2 vectors: A-B=A Bcosf a scalar < scalar product
A-B=B-A commutative
A-(B+C)=A -B+A-C distributive
® Geometrically, A - B is the product of A(B) times the projection of B(A)

along A(B). 2A
e If A||B, then A-B=AB. A

® For any vector A, A- A=A~ y

e If A1B, then A-B=0. i = >

Example 1.1 A C

(iv) Cross product of 2 vectors:
AXB=ABsinfn 0

where 1 is a unit vector L the plane of A and B B




® There are 2 directions | any plane: “in” and “out.”

® The ambiguity is resolved by the right-hand rule: let your fingers point in the
direction of the 1% vector and curl around (via the smaller angle) toward the 2™
then your thumb indicates the direction of n.

® A XB is itself a vector, ie, vector product:

AX(B+C)=AXB+A XC distributive
AXB=—BXA anti - commutative

® Geometrically, |AXB| is the area of the
parallelogram generated by A and B. n

® If 2 vectors are parallel, their cross product is O.

® A XA =0 for any vector A.



<A

Vector Algebra: Component Form
® [t is often easier to set up Cartesian coordinates x, y, z and work
with vector components.

N>

® Let X, y, and z be unit vectors parallel to the x, y, and z axes. § —

An arbitrary vector A can be expanded in terms of these
basis vectors: A=A X+A y+A_Z

>
<YV

X
A, Ay, A_, are the “components” of A; geometrically, <4
they are the projections of A along the 3 coordinate axes. A

A,=A-x, A=Ay, A=A1Z A

® Reformulate the vector operations: Z

Fay

A+B=(A X+A y+A z)+(B,Xx+B, §'+B z) X 2
=(A,+B )Xx+(A +B)y+(A, +B - >
Rule (i): 7o add vectors, add like companents X/ Ay
aA=(a x)x+(aAy)y+(aAZ)z

Rule (ii): 7o multiply by a scalar, multiply each component.

N
=Y

A A A A A A

xlylz = x-x=yy=zz=1, xy=xZ=y-2=0
- A-B=(A,Xx+A y+A,z)(B,Xx+B y+B z)=A B +A B +A_ B,
Rule (iii): 70 calculate the dot product, multiply like components, and add.



f(i‘Xj:Csij < 5ij: L, fori= Kronecker delta
O, for i#j

= A-BZZ Aiﬁi’Z ij(j:z ZAiBjﬁi'ij
i j i J
:Z ZAiBj5ij:ZS:AiBi:A1 B+ A, B,+A, By
i J i

One can get rid of the annoying summation symbol Z by allowing

one index up and the same index down to represent the summation.
3
For example, A’ B,= Z A, B=A,B,+A,B,+A, B,

This 1s called the Einstein notation. We will only use it in Chapter 12.



A A=A+ A2+ A2 = A=y A%+ A%+ A?

XXX= yXy=zxz=0,
XXY=—yXX=Z, yXZ=—ZXY=X, ZXX=—XXZI=Yy
> AXB=(A x+A y+A 2)X(B Xx+B y+B, 1)

£ ¥ 7
=(A,B,—A B)Xx+(A B,—A B)y+(A B,—A B )2=| A A, A
B

Rule (iv): 7o calculate the cross product, form the determinant whose 1°' row is

A

X, Y Z, whose 2 rowis A (in component form), and whose 3™ row is B.
7 A
(0,0, 1)

Example 1.2 0
A 0, 1,0)

x¥(1,0,0)




+1 i (i,7j,k)is (1,2,3),(2,3,1), or (3,1,2)
Levi-Civita symbol: €, =|—1 if (i, j, k) is (1,3,2),(3,2,1), or (2,1,3)
O ifi=j, or j=k, or k=1
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By the way, if M isa 3 X3 matrix, det M=|M|= Y ¢, M, M, M,,

i, j k



Triple Products

(i) Scalar triple product: A (B xC)

® Geometrically, |A - (BXC)| is the volume of the

parallelepiped generated by A, B, and C, since |BXC|

is the area of the base, and |A cos 6| is the altitude.

A (BXC)=B-(CxA)=C-(AXB) < cyclic

°A-(CxB)=B-(AXC)=C-(BXxA)=—A-(BxC)

(ii) Vector triple product:

n

A (BXC)=

® The vector triple product can be simplified by the so-called BAC-CAB rule:

AxX(BxC)=B(A-C)—C (A B)

(*)

5(A><B)><C=—C><(A><B)=—A (B-C)+B (A-C) entirely different vector

® All higher vector products can be similarly reduced, usually by repeated (*)

(AXB)-(CxD)=(A-C)(B-D)—(A-D)(B-C)

AX[BX(CXxD)|=B[A-(CxD)]—(A-

B)(CxD)



: l,61]1(Emnk_(szm(S]rz_(sin(sjm’ : I’Eijkeﬁjkzzaiﬂ’ : l'eijkeijk:6

k J.k i,J,

k
0 Zalkajk Z%—B
A-(BxC):ZAi(BxC)i:ZAiZ e .. B, C,

i j,k
Al AZ AS

:Z ¢;«A;B,C,=|B, B, B, |=B(CxA)=C-(AXB)
c, C, C,

Ax(BxC):Z e, . A (BxXC) X Z € i1 A, ka € mnB,C,

i,j,k i,j,k m,n
— Z €ijkejmnl4ilgmc‘nﬁk:_ Z elkjeml’l]A B C
i,j,k,m,n i,j,k,m,n
== > (6,,8,,-8.,6,,)AB,C ﬁk—Z(ACB %, —A B C.x,)
i,k,m,n

ZAC ZB X - ZAB ZC %, =(A-C)B—(A-B)C
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Position, Displacement, and Separation Vectors
® The vector to the location of a point from the origin O
is called the position vector: r =x X+ yy+zz f

® Its magnitude, r = \/x2 + y2 +7° (X, y, 2)

. .. T xX+yy+zz

and the unit vectoris r =— = Yy
r ¢x2+y2+

® The infinitesimal displacement vector, from @

(x, v, 2) to (x+dx, y+dy, z+dz), is

dé=dr=dxx+dyy+dzz

@ In electrodynamics, one frequently encounters problems involving 2 points—
typically, a source point r’, where an electric charge is located, and a field

point r, at which you are calculating the electric or magnetic field.

® A short-hand for the separation vector from the source point to the field point

/

S o @:E: r—r/ Source point
r |r—r
F=(x—x)X+(y—y)y+(z—2)z
L == 2Py =y Pz =2 )
Ll x)x+{y—y)y+(z—z])z o
\/(x_x>2+<y_y/)2+(z_z/>2 Fl@ldelnt



How Vectors Transform
® The definition of a vector as “a quantity with a
magnitude and direction” is not satisfactory.

M|

\
\

® A vector should transform properly when you change A \

[
[
|
. [
coordinates. 6
|
|
|

~|

® The coordinate frame we use to describe positions in
space is arbitrary, but there is a specific geometrical transformation law for y
converting vector components from one frame to another.

® Let the X, y, Z system is rotated by angle ¢, relative to x, y, z, about the
common y =y axes:

A;=Acos, A =Asind
gy:Acos§:Acos(0—qb):A(cosﬁcos p+sinfsing)= A cosd+A, sin¢

=
A=A sin§:Asin(6’—¢):A(sin@cosqb—cos@sinqb):—Aysin¢+AZcosgb
R éy _| cos¢ sing ||A,
A —Singb COS¢ AZ .Z. R R R ..A.
X X X XYy X Z X
® For rotation about an arbitrary axis in 3D: Zy =|R,, R,, R, ||A,
Zz sz Rzy Rzz AZ

3
> A=Y R A
i=1



® Formally, a vector is any set of 3 components that transforms in the same manner
as a displacement when you change coordinates. As always, displacement is the
model for the behavior of all vectors.

® A (2"-rank) tensor is a quantity with 9 components, 7' T , T, T .., T,

x x? xz, Tyx’ 7z

which transform with 2 factors of R:

TXX:RXX(RXXTXX+RX)7 T)Cy+R.XZT)CZ)

3 3
+R (R, T, +R T +R T ) = TU:ZZRikR

"'sz(Rxxsz"'nysz"'szTZZ),"' k=1 £=1

® In general, an #™-rank tensor has » indices and 3" components, and transforms
with n factors of R.

® A vector is a tensor of rank 1, and a scalar is a tensor of rank O.



Differential Calculus
“Ordinary” Derivatives df
® If we have f(x), what does d— do for us? It tells us how rapidly f(x) varies
X
when we change x by a tiny amount, dx = d f= j—f dx
X

® If we increment x by dx, then f changes by df; the derivative is the
proportionality factor.

® If f varies slowly with x, and the derivative is correspondingly small. If f
increases rapidly with x, and the derivative is large.

® Geometrical Interpretation: The derivative e is the slope of the graph of fvs x.
X

/A /4
T N~ —

=Y
=Y



Gradient
® [f we have a function of 3 variables, T(x,y,z), we want to generalize the notion

of “derivative” to functions like 7, which depend not on one but on 3 variables.

® A derivative is supposed to tell us how fast the function varies for a little
distance, and on what direction we move.

T T T
5dT:a—dx+a—dy+a—dz
0 x Oy 0z
This tells us how T changes when we alter all 3 variables by dx, dy, dz.

® Rewrite d T = a—TIAK+8—T§'+8—T2 (dxx+dyy+dzz)=V T-dr
0 x Oy 0z
WhereVTEa—Tf(+a—§'+a—Ti < gradient of T
0 x Oy 0z

® /T is a vector quantity, a generalized derivative, with 3 components.

Geometrical Interpretation of the Gradient
® Like any vector, the gradient has magnitude and direction:

dT=VT-dr=|V T||dr|cos

® If we fix the magnitude |dr| and search around in various directions (vary 0), the
maximum change in T evidently occurs when 6=0 (for then cos 6=1).






® For a fixed |dr|, d T is greatest when moving in the same direction as V T.

® The gradient V T points in the direction of maximum increase of the function T.

® The magnitude |V T| gives the slope (increase rate) along this maximal direction.

® The direction of steepest ascent is the direction of the gradient.

® The direction of max descent is opposite to the direction of max ascent, while at
right angles (6= 90°) the slope is 0 (the gradient L the contour lines).

® If V T=0 at (x, y, z), then d T=0 for small displacements about the point (x, y, z).
This is, then, a stationary point of 7(x, y, 2).

® It could be an extremum, ie, maximum (a summit), a minimum (a valley), a
saddle point (a pass), or a “shoulder.”

® If you want to locate the extrema of a function of 3 variables, set its gradient
equal to O.

Example 1.3



The Del Operator

oV T= ﬁi+§1 i+ii T, the term in parentheses is called del:
0 X oy 0z
L0 . 0 .0 e e N
V:Xﬂ-l_y@—y-l_z&_z :Xax+y5y+Z6Z:Z:1Xk5k

k=
@ V is not a vector, but a vector operator that acts upon T (a function).

® There are 3 ways the operator V can act:

1. On a scalar function 7: V T (the gradient);

2. On a vector function v, via the dot product: V - v (the divergence);

3. On a vector function v, via the cross product: V Xv (the curl).



The Divergence

A a A a A a A A A avx avy avz 3
o\/ . v = —+yV —+Z— |- + + — + t —
oV v (Xax y&y zaz)<vxx v,y +v,Z) Ox 0y 0z ,;ax

® The divergence of a vector function v is itself a scalar V - v.

® Geometrical Interpretation: V - v is a measure of how much the vector v spreads
out (diverges) from the point in question.

® The vector function in 1* figure has a large (positive) divergence (if the arrows
pointed in, it would be a negative divergence), the 2™ has 0 divergence, and the
3" again has a positive divergence.

@ A point of positive divergence is a source, or “faucet”; a point of negative
divergence is a sink, or “drain.”

-

4 A V.=ZZ
Example 1.4 V,—Z S W W WY W W |
\ A
N
= ® - g
//Y\\ O S S W W W
| V,=xX+yy+zzZ I S S S N O



z -
V-A= lim L 7{ A-da t P(J’to. Y0, 20)

AT—-0

7{ A-da= / / / / / /
tront back nght left t013 bottom
/‘frontA.d a:Aﬁront.A afront:Afront.A y A X O ’
face face face face
k 2

A-da

=A_(x,+Ax/2,y,,2)) Ay Az @
A x A x an 9
A (50 50 v0r 20 ) = A v 202 +0 (A xP)
2 2 ax (xo»yo’zo)

- A x
backA.da:AbaCk'Aaback:Aback.AyAZ(_X):_Ax (XO_T, yo’ ZO) AyAZ
face face face face

(0 A, ;
+ A-da = +0 ((Ax)7) AxAyAz
front back a X (%o o 20)
face face - 4\ Xo» Yo <o
0A
= _ A-da = Y+0((Ay)) AxAyAz
right left a y (5o yesz)
I face face 4\t Voo <o
[ 0A
fee ! e z 0. 301 20




AT=AxAYyAz

e

AT+§0((A xi)z)AT

OA, OA, 6AZ)
+ +

ax ay 5Z (xo’)’o»zo)
DA, DA,

i=1

0A
= V- A= ~ +
0 x

8y+6z as A7—-0 < Ax,—0




The Curl

X y Z

oVxy=| @ 0 0 :(sz_ﬁvy)f“_(@vx_@vz)y_'_(@vy_@vx)i
O0x 0y 02 dy 0z 0z Oux ox Oy
Ve v, o,

® The curl of a vector function v is a vector.

® Geometrical Interpretation: V XV is a measure of how much the vector v swirls
around the point in question.

® The 3 functions in the above have 0 curl, whereas the functions shown have a
substantial curl, pointing in the z direction (with the right-hand rule).

Example 1.5 Z4 R
Z V=—yX+xYy ) o =Xy
: Z_ .
i : \Q\ - ot / - - -
K‘/ :_ N / / - - W/ - - - - - -
/ / / \‘* ¥ _» ¥ - > S e e s y
N ,,r/r = o = o
S 74
-
X -
5
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=0, VXF#0

V-F

V- F=0, VXF=0

V- F#0, VXF=0

V- F=0, VXF#0 V.F#0, VXF#0

V- F=0, VXF=0



Product Rules

® Sum rule: i (f+g)= ji + ji Multiplying by a constant: % (k f)=k %
L4fdg
® Product rule: i (f ) :f % + d—f Quotient rule: i j_f — d X d X
8 g >
dx dx " dx dx g g

® Similar relations hold for the vector derivatives:
Vif+g)=V f+Vg, V- (A+B)=V-A+V-B, VX(A+B)=VxA+V xB
Vikf)=kV £, V(kA)=kV-A, Vx(kA)=kV xA

® 2 ways to construct a scalar as the product of 2 functions:
f g (product of 2 scalar functions )

A -B (dot product of 2 vector functions )

fA  (scalar times vector)

A XB (cross product of 2 vectors )
® There are 6 product rules, 2 for gradients:

OV I(fe)l=fVeg+egV f
MV (AB)=AX(VXB)+Bx(VXxA)+(A-V)B+(B-V)A

® 2 ways to make a vector:



ZEijkemnk:dim(sjn_éindjm’ aiE a 1

- dx'
X<VXB>:Z€l]k l (VXB> Z l]k lA Zekmn m
i,j,k i,j,k
— Z eijkekmnﬁiAijBn: Z €ijkemnkxi14jamBn
i,j,k,m,n i,j,k,m,n
— Z (51m5]n_51n5]m)xiAjamBn:ZﬁiAj<aiBj_ajBi>
i,j,m,n i, ]
(A-V)B= ZA@ %)= Zfz.A.aB.
= A><(V><B V)B= ZanB

= Bx(VxA)+(B-V) A:inBja,.Aj

> AX(VxB) +B><(V><A) (A~V)B+(B-V)A
—Z (A,6,B,+B,0,A)= Y %,0,(A,B)=V (A-B)

i,]



2 for divergences:
i) V-(fA)=Vf-A+fV-A
(iv) V-(AXB)=B:(VXA)-A-(V xB)

2 for curls:

V) VX(FA)=VfxA+fV XA
vi) Vx(AxB)=(B-V)A-(A-V)B+(V-B)JA—-(V-A)B

® The proofs come straight from the product rule for ordinary derivatives, eg,

V(fA)=08,(fA)+0,(fA)+0.(fA)
=(A, 0, f+f0,A)+(A 0, f+f0 A )+(A 0 f+f0 A)
=V Ff-A+fV-A
® It is also possible to formulate 3 quotient rules:

Vi:gi—szg’ V.A:gV.A—A-Vg’ v><A:gV><A+A><Vg

2 2

8 g 8 g 8 g



2™ Derivatives
® By applying V twice, we can construct 5 species of 2™ derivatives.

® The gradient V T is a vector, so we can take the divergence and curl of it:
(1) Divergence of gradient: \/ -V T

(2) Curl of gradient: V xV T

® The divergence V ‘v is a scalar—all we can do is take its gradient:

(3) Gradient of divergence: V (V -v)

® The curl VXV is a vector, so we can take its divergence and curl:

(4) Divergence of curl: V- (V X V)

(5) Curl of curl: V X (V X V)

0y 0z 0 X 0y Z

V2T ( 0 . 0 . a) (AaT 0T AaT) o’'T o0'T oO°T
= X —+Yy +z — || XxX—+ Z— | = + +

@ This object, which we write as V * T for short, is called the Laplacian of 7.

3

V2582+82+82:282:

® The Laplacian of a scalar is a scalar.



@ The Laplacian of a vector, V2v: VZv=(V?y )x+(V?v Jy+(V?v )z

y

® The curl of a gradient is always 0: V XV T =0
0 0T o0 0T
O0x Oy G y 0X
@ V(V - v) seldom occurs in physical applications, Vv =(V-V)v # V(V -v)

® Its proof hinges on the equality of cross derivatives:

® The divergence of a curl, like the curl of a gradient, is always 0: \/ - (V X V) =0
e Vx(Vxv)=V(V-v)-V?’v

Proof: Let 0,= 9
0 X,

l

VX(VXV Zel]kxla] VXV Z l]kﬁiajzekmnamvn

i,j,k [, ],

:. kz el]k mnkxzajémvn_ Z (zm Jn_51n5]m> lﬁjemvn

i,j,m,n

EJZ: ﬁnjgzﬂzaj Vj)_(z aj aj) Zj:viﬁi:V<V'V)—V2V

i



Integral Calculus
Line, Surface, and Volume Integrals

® In electrodynamics, the most important integral are line

(or path) integrals, surface integrals (or flux), and g7

volume integrals. |

b !
@ Line Integrals: / v-d/ I

X I

%

|

dl

the integral is to be carried out along a path C from pgint a to point b.

® If the path forms a closed loop (ie, if b=a), it can be expressed as:j{ v-d £

® One example of a line integral is the work done by a force F: W = / F-d¢

@ Ordinarily, the value of a line integral depends critically on the path, but there
is an important special class of vector functions for which the line integral is

independent of path and is determined entirely by the end points.

® A force that has this property is called conservative.

® Surface Integrals: / v-da

S
the integral is over a specified surface S.

® If the surface is closed: j{ v-da

2_

Ay

Example 1.6

b

(D)

=Y

=Y



® For a closed surface, tradition dictates that “outward” is
positive, but for open surfaces it’s arbitrary.

® If v describes the flow of a fluid (mass per unit area per

da

unit time), then / V- d a represents the total mass per unit }7
time passing through the surface—hence “flux.” ¥
® Ordinarily, the value of a surface integral depends on the particular surface
chosen, but there is a special class of vector functions for Zh T(V) (i)
which it is independent of the surface and is determined 2 /
entirely by the boundary line. !
® Volume Integrals: | T d7 < dr7r=dxdydz <. o
y (iv) ;1)/“’ (iii)
>
Cartesian coordinates 2 Y
o/vdTZ/(vxﬁ+vy§'+vZ2)dT 2 Y
=x/vxd7-+y/vyd7-+z/vzd7
because the unit vectors are constants, they come |
outside the integral. . -
y

Example 1.7 Example 1.8

e



The Fundamental Theorem of Calculus
® Let f(x) is a function of one variable, the fundamental theorem of calculus:

[a=ro s o [rac=rm-sia « r=3
df

® Geometrical Interpretation: d f = dr d x is the infinitesimal change in f when
X

you go from x to x+d x. The fundamental theorem says that if you chop the
interval from a to b into many tiny pieces, dx, and add up the increments d f from
each little piece, the result is equal to the total change in f: f(b) — f(a).

Af(x
® 2 ways to determine the total change in the function: s
either subtract the values at the ends or go step-by-step,
adding up all the tiny increments as you go. You’'ll get f(b)
the same answer either way.

_ f(a)

® So the integral of a derivative over some region is given
by the value of the function at the end points (boundaries).

® In vector calculus there are 3 species of derivative
(gradient, divergence, and curl), and each has its own
“fundamental theorem,” with essentially the same format.



ZA
The Fundamental Theorem for Gradients
® Let we have a scalar function of 3 variables 7(x,y,z).
Starting at a, we move a small distance d £,. T will dl,
change by an amountd 7=V 7T-d L, a el

<Y

® Now we move a little further, by an additional small | )
I

displacement d £,; the incremental change in T M
I
will be VT d £,. By proceeding by infinitesimal s W

e make the journey to b.

® The total change in 7 in going from a to b (along the path sele)(}:ted) is

/ VT-de=T(b)-T(a) < fundaméntal theorem Fxamole 1.9
for gradients i1 b
® The integral (a /ine integral) of a derivative (the gradient) (i11) (i)
is given by the value of T at the boundaries (a & b). (1)
a

1 X
® Line integrals ordinarily depend on the path from a to b. But the rhs of the eqn
makes no reference to the path—only to the end points.

® Gradients have the property that the line integrals are path independent:
Corollary 1: / VT-d€ is independent of the path taken from a to b.
a

Corollary 2: § \/ T-d ¢ =0, since the beginning and end points are identical,
and hence 7T(b)—T7(a)=0.



The Fundamental Theorem for Divergences
® The fundamental theorem for divergences states / Vvdr= 7{ v-da

® It is called as Gauss’s theorem, Green’s theorem, the divergence theorem.

® The integral of a derivative (the divergence) over a region (volume V) is equal to
the value of the function at the boundary (the surface S that bounds the volume).

® If v represents the flow of an incompressible fluid, then the flux of v is the total
amount of fluid passing out through the surface, per unit time.

D—

® The divergence measures the “spreading out” of the vectors fro a point—a
place of high divergence is like a “faucet,” pouring out liquid. < T /(u)

® If we have a bunch of faucets in a region filled with
incompressible fluid, an equal amount of liquid will be
forced out through the boundaries of the region. -+ . ——=
Gv) | (iii)
® 2 ways to determine how much is being produced: 1 1
(a) count up all the faucets, recording how much each
feo

=Y

puts out, or A
(b) measure the flow at each point of the boundary,
/ and add it all up:

(faucets within the volume ) = 7{ (flow out through the surface)  Example 1.10



The Fundamental Theorem for Curls

® The fundamental theorem for curls, . _ .
also called Stokes’ theorem: / 5 VXv-da= %c v-d{

® The integral of a derivative (the curl) over
a region (surface ) is equal to the value

of the function at the boundary (the
perimeter of the surface, ().

® The curl measures the “twist” of v; a region of high curl is a whirlpool.

® The integral of the curl over some surface (the flux of the curl A

through that surface) represents the “total amount of swirl,” and we
can determine that by going around the edge and finding how much

the flow is following the boundary. <®
1

) 7{ v-d £ is sometimes called the circulation of v. d

da

® Consistency in Stokes’ theorem is given by the right-hand rule: if your fingers
point in the direction of the line integral, then your thumb is the direction of da.

® Ordinarily, a flux integral depends critically on what surface you integrate over,
but evidently this is not the case with curls.



® Stokes’ theorem says that / V Xv-d a is equal to the line integral of v around
the boundary, and the latter makes no reference to the surface you choose.
Corollary 1:/ V Xv-da depends only on the boundary line, not on the

particular surface used.

Corollary 2: j[ V X v-d a =0 for any closed surface, since the boundary line,
like the mouth of a balloon, shrinks down to a
point, and hence the line integral vanishes.

Example 1.11

ZA
(111)
1 ¢ / VXVT-daZ]{ VT-d£=0
s c=08
(iv)Y AGi) for arbitrary surface = VXV T =0
- > / V-(VXv)d'r:]{ VXxv-da=0
(i) 1 Y V S=oV

X for arbitrary volume = V- (V xv)=0



GAUSS STOKES GRAD
Point

Curve
Point
Surface encloses Volume Curve enCIOSeS Surface P OintS enClose curve
/ V-Fdr= ]{ F-da / VXA-da:]{A-dK /qu-dﬁ:qﬁz—qbl
volume surface surface curve curve

In general, / dw= / w
M oM



Integration by Parts

d

‘E(fg) f—+g

df
dx

. /:f—xug)dx:(fg)a:

b b
dg df
—=d x+ ——d

/afdx * /agdx *

b
d f
/ gﬂdx Example 1.12

- [ 88 aa=(r ) -
a A a

® It applies to the situation in which you are called upon to integrate the product
of one function (f) and the derivative of another (g); it says you can transfer the

derivative from g to f, at the cost of a minus sign and a boundary term.
oV (fA)=fV-A+A-V f
/V-(fA)dT:/fV-AdT+/A-Vde:ja{fA.da

/fVAdT:j{ fA-da—/ AV fdr
) ; )

® The integrand is the product f and the derivative (the divergence) of A, and

integration by parts licenses us to transfer the derivative from A to f (a gradient),
at the cost of a minus sign and a boundary term (a surface integral).



A % A 4
oy e o €,
Cur.vﬂl.near Coordinates . v \e A
Derivation for a polar coordinate FISFHAT/
® In a polar coordinate, the unit vectors are \é
¢, (radial direction) and &, (tangential direction) @ e/é'
® The position vector can be written as 7 =r ¢, F
oo d o 5 dr d 5 x
and the velocityis y=—ypr=e —+r
dt "dt dt
® Since the derivatives of the unit vectors in a polar coordinate are
d . d . . do X A€, Ae,
— ¢ —wey, —¢=—we & w=— /A/G &hooN
d1 dt ; dt 4= éxee \ee
> . oA ~ . r T N
Therefore, u=re +rwe, < r=— | |
d1 __
- A " €,
® With r held constant u=r w e, =ve,
_ . . -> d -> e A . A . . A d A
® The acceleration is a= 417 u=re+r—e +(r w+r w) €ptr w 47 €y
5

d

d?
“ A A . -\ A 2 A
=i +iwet(Fwrrw)é,—rwé
2
y
r

= _’:(f—

2

— . - v A A A A
® With r held constant a=——¢ +raeys=a,e,+a,ey
r

r

+(2iw+tra)é, = a=w=2~0



<y

Spherical Coordinates ¢ n
® Sometimes it is more convenient to use spherical p r
coordinates (7, 8, ¢) instead of Cartesian coordinates 0 -7
(x, y, z); r is the distance from the origin, 6 is called L | 0
the polar angle, and ¢ is the azimuthal angle. — —
q) B T~ ~ I //

ex=rsinfcos¢, y=rsinfsin¢g, z=rcos@L——________I>=.7
@ 3 unit vectors, T, é o, point in the *ydirection of increase of the
corresponding coordinates. They form an orthogonal (mutually perpendicular)
basis set, and any vector A can be expressed as: -, A=A T+A,0+A, ¢

r=sin 6 cos ¢ X+ sin @ sin ¢ y+cos 0 z
_ A A . A . A B A
® @ =cosfcospx+cosfsingpy—sinbfz - = >

b= —sindx+ cos @y N

® Warning:r, 0, qAb are associated with a particular point, and they change
direction as the point moves around (compared with Cartesian coordinates).

® One could take account of this by explicitly indicating the point of reference:

r(0,9), 0(0,9), ¢(0,9)



x =r sin 6 cos ¢ [y
1VX +y =

y=rsinfsing = |[f@=tan"
z=r cosb




>

T
|

N> >
|

sin 6 cos ¢ sin 6 sin ¢

cos @ cos @ cosBsin ¢ —sin b

—sin ¢ CoS ¢

sin @ cos ¢ cos 0 cos @ —sin qb.

sin @ sin ¢ cos @ sin ¢

_cosH —sin 6
=0, 8_0:()’
or
. 00 .
:H} ——=-r,
o0 |
=§Ssm9, 2—Z:$C089,

N>-

cos 6] ) )
y| = S=RD
0 Z
f A A A
cosp|l@] = D=R'S=R'S
0 ||¢
Z
0b_,
or
0 0
P _o
v,
%z—f'sine—@cose
0@



rsind do

dr r r do
r 0 r

rsin®

® Do not naively combine the spherical components of vectors associated with
different points. Beware of differentiating a vector that is expressed in spherical
coordinates, since the unit vectors themselves are functions of position. And do
not take T, @, and ¢ outside an integral.

o

® An infinitesimal displacement in the T directionis:d £ =d r

® An infinitesimal element of length in the 6 direction is: d ly=rdo

® An infinitesimal element of length in the ¢ direction is: d ¢ s=rsinfdo

@ Thus the general infinitesimal displacementis:d £=drr+r d 0 0+rsindd 0, qAb

® The infinitesimal volume element in spherical coordinates is the product of the
3 infinitesimal displacements: q r=d¢ d¢,d £, = r’sin@drd@de¢

® Surface elements depend on the orientation of the surface. One has to analyze
the geometry for any given case.

® For the surface of a sphere, r=const, whereas € and ¢ change, so
da,=df,d {,r=r’sin0dOdor



da,
® If the surface lies in the xy plane,, so that 6=7/2
while r and ¢ vary, then da,=d{¢,d{;0=rdrd¢0
e re[0, ©), 0€|0, w|], €0, 2]
Example 1.13 NS
@ Now I would like to “translate” the vector derivatives 42,
(gradient, divergence, curl, and Laplacian) into r, 8, ¢ notation.
® SinceV T =x G_T +y 8_ +7 8_T , one can do it in the hard way by translate
0 X 0y 0z
8_5r8+89 8+8¢8 a_.i_
0 x x 0r O0x 00 0O0x 0¢ Oy "0z
< P A A A

=x(r,0,¢), y=y(r,0,¢), 2=2(r,0,¢),
® We can do it in an easier way by

(.=r, L,=r6 [with r fixed], £,=(rsinf)¢ [with r, 6 fixed]
= h,=1, hy=r, hy=rsinf < h,: metric coefficients

0T _.0T 90T _¢ T

14 04, > r r 00 rsinf 0¢

<y



Gradient: \V T = fﬂ+g 0 + ¢ 0 T:f'a—T+QaT+ ¢ or
or r 060 rsinf 0¢ or r 06 rsinf 0¢
. 1 0, 1 0 . 1 Ov
Divergence: \/ .y = — — + 0)+ ?
gence: Vv = o v )+ g g Vesin0)+ 5 ¢
= 21_ [0, (v, r*sin @)+ 08, (vyrsin@)+08,(v,r)]
r=sin 6
I 0 . OV 6| 1 ov, 0
Curl: Xy = r 6)— —2 — - —
Vxv=ig g vesint) 66|  rlsinf 09 5y Vo)
dA) 8< | ov, 1 r -0 rsian;b
+ —_— S — | =
r or" " 50 r~sin 0 O % .8(]5
v, rvy rsinfv;

. 1 0 0T 1 0 oT 1 o°T
Laplacian: \J? 7= — = | ;222 9 ——
V=33, (’” 8r)+rzsin0 ae(sm 69) 2 sin’ 0 0



o .
+¢p— |- +
Y. aee‘ﬁae¢)(“r

v, 0+v, )

.~ O . - Ay o~ 1 0 . - A
=r-a—r(vrr+v90+v¢¢)+9-7%(vrr+v90+v¢gb)
.1 5 X R .
: +v,0+
sing ag 0tV d)
ov. ) or 060 0¢
:8r+ 0O + 0 + r °(Vr5;+v9 r+v¢ r)
+ 0 +1%+ 0 + —é | v ﬁ+v a—@+v %
r 06 r 060 " 06 ° 06
+ 0 + 0 4 ]_ 8V¢+ ¢ . Vr£+vea_9+v¢ﬂ
rsinff 0¢ rsiné 0o 0 0 ¢
0
— vr+15v9+vr+0+ 1 8v¢,+vr V9C,086+O
or r 060 r rsinf 0¢ r rsinf
ov, 2v, 10v, vscosb 1 Ovy
= + +— + +
or r r 060 rsinf rsinf 0o
0
Z%i(rzv)+ L & (v, sin )+ 1 i

or " rsin@ 06

rsinf 0@



For Curvilinear Coordinates
dé=n h du,+n,h,du,+n,h,du, = dr=h, hyh,du,du,du,

> da,=n,h,h,du,du,, da,=n,h,h,du,du,, da,=d,h, h,du, du,

A A A A

V:nl a +n2 8 +n3 6 :nlau-l-;au-l-;au:i; 6
h, Ou, h, 0u, hy ouy h, " h, ™ hy ™ T h, Ou,
V-A:8”1<A1h2h3>+a”z(h1A2h3)+au3(h1h2A3)
hyhyh,
hym, h,m, hym, oh A
V XA = 1 6 P P — 1 Zeukhlﬁl k
fty 1y by B " " hyhyhg Tk auj
hyAy hyA, hyA,
viv o __ 1




Cylindrical Coordinates
® In the cylindrical coordinates (s, ¢, z), ¢ has the | z
same meaning as in spherical coordinates, and 7 is '""\.“i\ p o
the same as Cartesian; s is the distance to P from Z< il N
the z axis. | 3
— | >

_ . "‘\\\ I // y
®X=5COS¢, y=ssing, 7=z b S~

S = cosp X+ sin ¢y X
@ | d= —sSindX+ cosdy

Z= 1Z

ed/( =ds, df,=sd¢, dt.=dz
= dl=dss§+sddp+dzz, dr=sdsdodz

e s€[0, ), ¢€[0, 27], z€(—00, o)
Gradient: VT = §8 +¢ 0 +25_>T:§6T+¢8T+28_T
os s 0¢ 0z os s 0¢ Z

Divergence: \/ -v = 1.0 (sv)+=




1 0v. Ov R dv, Qv .
Curl: V xv=| = —=—-—2 = -—— R I Bl
V Xy (Sa¢ az)s(aZ 6S)¢SasSv¢) 0o
] § s¢ 1z
:; as a¢ 8Z
VS SV¢ VZ

106 ( 8T\, 1 &*T &°T
+ 5 2+ 2
sT 09" 0z

=12 plane

r = ry cylinder




The Dirac Delta Function AN A yd
The Divergence of r/r

e v =r/r”is directed radially outward; it is likely to have a \ /
large positive divergence from it. But S o -

v.v:%a—i(ﬁ%):%a—iu):o 2 (7) //Y\\

® If we integrate over a sphere of radius R, centered at the origin, the | surface

integral is ro, A 4 2
/V-daZ/E-R sianquﬁr:/ sianG/ do=47 ($)

0 0
® But the volume integral, f V:-vd =0 if we are really to believe Eq. (?). Does
this mean that the divergence theorem is false?

® The source of the problem is at =0, where v blows up. It is true that V - v=0
everywhere except the origin, but right af the origin the situation is complicated.

® The surface integral ($) is independent of R; if the divergence theorem is right
(and it is), we should get f V v d 7 =4 7 for any sphere centered at the origin,
no matter how small. So the entire contribution must come from the point r=0.

@ Thus, V - v has the bizarre property that it vanishes everywhere except at one
point, and yet its integral (over any volume containing that point) is 4.

® This is where the Dirac delta function comes in.



The One-Dimensional Dirac Delta Function
® The 1d Dirac delta function, d(x), can be pictured as an
infinitely high, infinitesimally narrow “spike,” ie,

§(x)=|0 i x#0 ;o4 / 5(x)dx=1
o 1f x=0 Cw
® J(x) is not a function at all, since its value is not finite at

x=0; so it is a generalized function, or distribution. J

@ It is the limit of a sequence of functions

such as rectangles aRn(x), Aof heightx

a\

n and width 1/n, or isosceles triangles 5 R, (x) 2

: 2 T(x)
T (x), of height n and base 2/n. Ve

R, (x) 1

® If f(x) is some “ordinary” function T S T (x)
thus continuous, then the product !
f(x)o(x) is 0 everywhere except g .
at x=0, —1/2-1/4  1/4 12 x -1 =172 12 1 x

- f(08(x)=7(08(x) = [ s(x)éx)ax=7(0) [ s(x)ax=7(0)

® Under an integral, the delta function “picks out” the value of f(x) at x=0.

® The integral need not run from —oo to +o0; it is sufficient that the domain

extend across the delta function, and —e to +€ would do as well.



® we can shift the spike from x=0 to some o(x — a)
other point, x=a:
5(x—a):O }fx;éawith/ §(x—a)dax=1 +Area l
o i1f x=a .

= f(x)d(x—a)=f(a)d(x—a)

.

- / F(x)6(x—a)dx=f(a) :

® Although ¢ isn’t a legitimate function, integrals over ¢ are perfectly acceptable.

® It is best to think of the delta function as something that is always intended for
use under an integral sign.

® In particular, 2 expressions involving delta functions (say, D,(x) and D,(x)) are
considered equal if, for all (“ordinary”) functions f(x),

/:f(x)Dl(x)dx:/:f(x)Dz(x)dx

Example 1.14, Examplel.15

=Y



The Three-Dimensional Delta Function
e It is easy to generalize the delta function to 3d: §°(r)=6 (x)d (y)d(z)

® This 3d delta function is 0 everywhere except at (0, 0, 0), where it blows up. Its
volume integral is 1:

/auspaceﬁ(r)dT:/: /: /O_Oood(x)é()’)é(z)dxdydzzl

> [ S r-a)dr=ra) < @)=

Integration with J picks out the value of f at the location of the spike.

r
® The divergence of — is 0 everywhere except at the origin, and yet its integral
r

over any volume containing the origin is a constant (47). These are precisely the
defining conditions for the Dirac delta function;

A

= V-Lz:47r53(r) = V- —=478(F) « F=r—r

r r
= Vzl:—47r53(ﬁ~*) e Vi o vyl —=—476 (r—1')
I r ]pz |l'—l'|

Example 1.16




® Useful in solving the problems with various boundaries.

¢ o ®(0)—>0 <« boundary condition

> 3(r)=L =5 V2®(r)=—4746(r)

r

®'(R)=®, < boundary condition
d (r)=®(r)+F(r) « V?*F(r)=0

= V?®(r)=—4m4¢6°(r)

e In general, V*G (r,r')=—4m¢é°(r—r') « G: Green function



The Theory of Vector Fields

The Helmholtz Theorem
® Maxwell reduced the entire EM theory to 4 equations, specifying respectively

the divergence and the curl of the electric field E and the magnetic field B.

® To what extent is a vector function determined by its divergence and curl? Let
V- -F=D
VXF=C < V:C=0

= Can F be determined?

® To solve a differential equation you must also be supplied with appropriate
boundary conditions.

® In electrodynamics we typically require that the fields go to 0 “at infinity”.

® With the extra information, the Helmholtz theorem guarantees that the field
is uniquely determined by its divergence and curl.



Potentials
® If the curl of a vector field (F) vanishes (everywhere), then F can be written as

the gradient of a scalar potential (¢): V XF=0 < F=—V &

Theorem 1
Curl-less (or “irrotational”) fields. The following conditions are equivalent

(that is, F satisfies one if and only if it satisfies all the others):

(a) V X F =0 everywhere.

b
(b) / F-d ¢ is independent of path, for any given end points.
a

(c) ]{ F-d £=0 for any closed loop.

(d) F is the gradient of some scalar function: F=—V &.

® The potential is not unique—any constant can be added to ® with impunity,
since this will not affect its gradient.

® If the divergence of a vector field (F) vanishes (everywhere), then F can be
expressed as the curl of a vector potential (A): V- F=0 < F=—V XA



Theorem 2

Divergence-less (or “solenoidal”) fields. The following conditions are
equivalent:

(a)V -F =0 everywhere.
(b) / F -d a is independent of surface, for any given boundary line.

(c)]{ F-d a=0 for any closed surface.

(d) F is the curl of some vector function: F=V XA .

® The vector potential is not unique—the gradient of any scalar function can be
added to A without affecting the curl, since the curl of a gradient is O.

® In all cases (whatever its curl and divergence may be) a vector field F can be
written as the gradient of a scalar plus the curl of a vector:

F=—V ®+V XA +C (always) < C =constant vector

Selected problems: 6, 8, 13, 43, 47, 56
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