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Since the two Lagrangians are not involved with second derivatives of xλ, the equations

of motion can be obtained by Euler-Lagrange equation, i.e.

∂L

∂xλ
− d

ds

(
∂L

∂ẋλ

)
= 0

For simplicity, let’s use F = gαβ
dxα

ds
dxβ

ds = gαβẋ
αẋβ in calculation and take gαβ to be

Minkowski metric diag(+1,−1,−1,−1) which makes L1, L2 only depend on ẋ.

For the Lagrangian L1 = −mc

√
gαβ

dxα

ds
dxβ

ds = −mc
√
gαβẋαẋβ =

√
F , we have that

∂L1

∂xλ
− d

ds
∂L1

∂ẋλ
= −mc

0− d
ds

1

2
F− 1

2 (gαβδ
α
λ ẋ

β︸ ︷︷ ︸
=gλγ ẋγ

+ gαβẋ
αδβλ︸ ︷︷ ︸

=gλγ ẋγ

)




= mc
d
ds

(
F− 1

2 gλγẋ
γ
)

← F = c2

= mgλγẍ
γ

Equation of motion for L1 is gλγẍ
γ = 0.

For the Lagrangian L2 = −mgαβẋ
αẋβ, we have that

∂L2

∂xλ
− d

ds
∂L2

∂ẋλ
= −m

[
0− d

ds(gαβδ
α
λ ẋ

β + gαβẋ
αδβλ)

]
= 2mgλγẍ

γ

Equation of motion for L2 is also gλγẍ
γ = 0.

Remark:

If one treat the metric gαβ is function of position, the equations of motion for L1 and L2

are also the same.

∂L1

∂xλ
− d

ds
∂L1

∂ẋλ
= −mc

1

2
F− 1

2
∂gαβ
∂xλ

ẋαẋβ − d
ds

1

2
F− 1

2 (gαβδ
α
λ ẋ

β︸ ︷︷ ︸
=gλγ ẋγ

+ gαβẋ
αδβλ︸ ︷︷ ︸

=gλγ ẋγ

)


 ← F = c2

1



= −m
[
1

2
(∂λgαβ)ẋ

αẋβ − d
ds (gλγẋ

γ)

]
= m

(
−1

2
(∂λgαβ)ẋ

αẋβ + (∂αgλγ)ẋ
αẋγ + gλγẍ

γ

)
↑ split the second term and rename the dummy index

= m

(
−1

2
(∂λgαβ)ẋ

αẋβ +
1

2
(∂αgβλ)ẋ

αẋβ +
1

2
(∂βgλα)ẋ

αẋβ + gλγẍ
γ

)
= m

[
gλγẍ

γ +
1

2
(∂αgβλ + ∂βgλα − ∂λgαβ) ẋ

αẋβ

]
The equation of motion for L1 becomes

0 = gλγẍ
γ +

1

2
(∂αgβλ + ∂βgλα − ∂λgαβ) ẋ

αẋβ

Multiply both sides by gρλ and use gρλgλγ = δργ

0 = δργẍ
γ +

1

2
gρλ (∂αgβλ + ∂βgλα − ∂λgαβ) ẋ

αẋβ ⇒ ẍρ + Γρ
αβẋ

αẋβ = 0

where Γρ
αβ =

1

2
gρλ (∂αgβλ + ∂βgλα − ∂λgαβ) is the Christoffel symbol. The equation of

motion is the so-called geodesic equation for the particle.

∂L2

∂xλ
− d

ds
∂L2

∂ẋλ
= −m

∂gαβ
∂xλ

ẋαẋβ − d
ds

gαβδ
α
λ ẋ

β︸ ︷︷ ︸
=gλγ ẋγ

+ gαβẋ
αδβλ︸ ︷︷ ︸

=gλγ ẋγ




= −m
[
(∂λgαβ)ẋ

αẋβ − d
ds (2gλγẋ

γ)

]
(the following is the same as those in L1 except the constant coefficient.)

= 2m

(
−1

2
(∂λgαβ)ẋ

αẋβ + (∂αgλγ)ẋ
αẋγ + gλγẍ

γ

)
↑ split the second term and rename the dummy index

= 2m

(
−1

2
(∂λgαβ)ẋ

αẋβ +
1

2
(∂αgβλ)ẋ

αẋβ +
1

2
(∂βgλα)ẋ

αẋβ + gλγẍ
γ

)
= 2m

[
gλγẍ

γ +
1

2
(∂αgβλ + ∂βgλα − ∂λgαβ) ẋ

αẋβ

]
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With the same steps in L1, one also can obtain the equation of motion for L2 is also

ẍρ + Γρ
αβẋ

αẋβ = 0
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